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A b s t r a c t  

Fluctuations of the refractive index associated with atmospheric 
turbulence affect the propagation of electromagnetic and acoustic waves 
in the atmosphere. In the reported study, the effects of turbulence on 
wave propagation in the atmospheric convective boundary layer (CBL) 
are considered in terms of the second-order refractive index structure 
function and related to its structure-function parameter 2

nC . Two struc-
ture-function evaluation methods are compared. The direct evaluation 
method involves calculating the refractive index at each point in the 
simulation domain with subsequent calculation of the structure function. 
The second method is based on a parameterized linear relationship  
between the refractive-index structure function and temperature/humidity 
structure functions. For each evaluation method, vertical profiles of 2

nC  
computed for separations along the three coordinate directions collapse 
together over a significant portion of the CBL. Near-surface divergence 
of 2

nC  values along the horizontal directions was noted and attributed to 
the influence of surface wind shear on the turbulent fluctuations of tem-
perature and humidity. The behavior of 2

nC  near the surface was shown 
to agree favorably with similarity-theory predictions. 

Key words: turbulence, boundary layer, refractive index, structure func-
tion, numerical simulation. 
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1.  INTRODUCTION 
Fluctuations of the refractive index associated with atmospheric turbulence 
can strongly affect the propagation of electromagnetic and acoustic waves in 
the atmosphere. The scattering of electromagnetic radiation and sound waves 
caused by such fluctuations can have a significant influence on many appli-
cations. For instance, images viewed through a telescope suffer reduced 
resolution as a result of this scattering (Burk 1980). The performance of 
communication systems is impacted by refractive-index fluctuations 
(Cheinet and Siebesma 2009). The returns measured by remote sensing  
instruments used to investigate atmospheric flow structure, such as radars 
and sodars, also depend on spatial variability of the refractive index. 

The effects of atmospheric turbulence on wave propagation are typically 
considered (Tatarskii 1961) in terms of the second-order refractive index 
structure function given by 

 ( ) ( ) [ ]22 , ( , ) ( , ) ,n t n t n tδ = − +r x x r  (1) 

where the overbar represents ensemble averaging, n is the refractive index, r 
is the separation vector, x is the position vector, and t is time. For separations  
r = r   within the inertial subrange of spatial scales of n’s turbulent fluctua-
tions, the refractive-index structure function has the form (Tatarskii 1961, 
Wyngaard 2010): 

 ( )2 2 2/3 ,nn C rδ =  (2) 

where 2
nC  is the so-called refractive-index structure-function parameter. 

In the planetary boundary layer, pressure fluctuations may have some  
influence on refractive-index fluctuations, but are generally considered to be 
of negligible importance (Burk 1980, McBean and Elliott 1981, Andreas 
1988). The fluctuation of n in space, δn, is found to be primarily associated 
with corresponding fluctuations δθ and δq of potential temperature θ and 
specific humidity q, respectively (Peltier and Wyngaard 1995). Following 
Andreas (1988) and Peltier and Wyngaard (1995), one can assume a linear 
form for this relationship and write 
 ,n A B qδ δθ δ= +  (3) 

where A and B are coefficients that depend on temperature, humidity, pres-
sure, and the type of wave being considered. The second-order refractive  
index structure function is then given by 

 ( ) ( ) ( ) ( )2 2 22 22 ,n A AB q B qδ δθ δθδ δ= + +  (4) 
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where 2( )δθ , 2( )qδ , and ( )qδθδ  are the potential temperature, specific 
humidity, and joint temperature-humidity structure functions, respectively, 
given by 

 ( ) ( ) [ ]22 , ( , ) ( , ) ,t t tδθ θ θ= − +r x x r  (5) 

 ( ) ( ) [ ]22 , ( , ) ( , ) ,q t q t q tδ = − +r x x r  (6) 

 ( ) ( ) [ ][ ], ( , ) ( , ) ( , ) ( , ) .q t t t q t q tδθδ θ θ= − + − +r x x r x x r  (7) 

For separations r within the inertial subrange, structure-function parame-
ters for temperature and humidity are defined similarly to 2

nC  as 

 ( )2 2 2/3 ,TC rδθ =  (8) 

 ( )2 2 2/3 ,qq C rδ =  (9) 

 ( ) 2/3 .Tqq C rδθδ =  (10) 

Making use of Eq. (2) and being substituted in Eq. (4), the above expres-
sions may be employed, as shown in Wyngaard et al. (1978), to relate the  
refractive-index structure-function parameter 2

nC  to the structure-function 
parameters of temperature and humidity ( 2

TC , 2
qC , and TqC ) in the following 

way: 

 2 2 2 2 22n T Tq qC A C ABC B C .= + +  (11) 

Structure-function parameters 2
TC , 2

qC , and 2
nC  may in turn be related to 

one-dimensional inertial-subrange spectra of the corresponding quantities. 
Following Tatarskii (1961), Essenwanger and Reiter (1969) and Wyngaard 
et al. (1971), and using the temperature field as an example, the one-
dimensional spectrum of temperature fluctuations in the inertial subrange 
may be expressed through the temperature structure-function parameter as 

 2 5/3( ) 0.25 ,T Tk C k −Φ =  (12) 

where k is the wavenumber. 
On the other hand, Obukhov (1949) and Corrsin (1951) showed that 

temperature spectrum in the inertial subrange can also be expressed as 

 1/3 5/3( ) ,T Tk kβχ ∈− −Φ =  (13) 
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where χT is the molecular destruction rate of half temperature variance, ∈ is 
the dissipation rate of turbulence kinetic energy (TKE), and β is a universal 
dimensionless constant. Taking  β = 0.8  as suggested by Wyngaard and Cotè 
(1971), and combining Eqs. (12) and (13), one comes to 

 2 1/33.2 .T TC χ ∈−=  (14) 

The one-dimensional refractive-index spectrum, the one-dimensional 
humidity spectrum, and the temperature-humidity co-spectrum (Wyngaard 
and LeMone 1980, Andreas 1988) may be expressed, respectively, in the 
form analogous to Eq. (12): 

 2 5/3( ) 0.25 ,n nk C k −Φ =  (15) 

 2 5/3( ) 0.25 ,q qk C k −Φ =  (16) 

 5/3( ) 0.25 .Tq Tqk C k −Φ =  (17) 

Consequently, 

 2 1/33.2 ,n nC χ ∈−=  (18) 

 2 1/33.2 ,q qC χ ∈−=  (19) 

 1/33.2 ,Tq TqC χ ∈−=  (20) 

where χn , χq , and χTq are the molecular destruction rates of half refractive  
index variance, half humidity variance, and half temperature-humidity  
covariance, respectively. 

The parameterized relationships (18)-(20) have been previously used to 
determine structure-function parameters in observational studies (see e.g., 
Wyngaard et al. 1971, Kaimal et al. 1976, Kohsiek 1988) and using numeri-
cal large-eddy simulation (LES) outputs (Peltier and Wyngaard 1995, 
Cheinet and Siebesma 2009, Cheinet and Cumin 2011). On the other hand, 
some investigators have also employed expressions like Eqs. (1), (2) and (5)-
(10) to directly calculate structure functions and structure-function parame-
ters from measurement data (see e.g., van den Kroonenberg et al. 2012). 

In the present study, numerical LES output is used to directly evaluate 
2( )nδ  in the turbulent atmospheric convective boundary layer (CBL) and 

investigate behavior of 2
nC  in the inertial subrange. For comparison, 2

nC  is 
also evaluated using approximate formula (11) relating 2

nC  to the structure-
function parameters 2

TC , 2
qC , and TqC  which are directly calculated from 

temperature and humidity fields generated by LES. 



C. WILSON  and  E. FEDOROVICH 
 

1478

2.  EXPERIMENTAL  DESIGN 
2.1  Large-eddy simulation 
Large-eddy simulation is used in this study to generate realistic temporally 
and spatially variable three-dimensional CBL potential temperature and spe-
cific humidity fields (in addition to flow velocity fields). It appears attractive 
to use LES output to directly evaluate structure functions in the turbulent 
CBL given the availability of flow variables at every point in the simulation 
domain at every time step. The employed LES code, which features a sub-
grid TKE closure following Deardorff (1980), has been shown to confidently 
reproduce turbulence structure in the CBL (Fedorovich et al. 2004a, b). 

Results from two simulation runs will be considered in this study. Both 
simulation setups employed a numerical grid spacing of 10 m and a domain 
size of  (X × Y × Z) = 2.56 × 2.56 × 3 km3. These horizontal dimensions were 
proven, through previous numerical experiments, to be sufficient for repro-
duction of turbulence statistics within our target scale ranges (up to several 
hundreds of meters) in a moderately sheared CBL. 

The first simulation, denoted as LES10, is a simulation of realistic plane-
tary boundary layer evolution that was observed at the Lamont, Oklahoma, 
Atmospheric Radiation Measurement (ARM) Program site on 31 May 2009. 
A wide array of meteorological instrumentation is located at the ARM site, 
making it an appealing location for positioning numerical simulation  
domains. Surface sensible and latent heat fluxes that provided the surface 
forcing for the LES10 simulation were prescribed using data from the ARM 
eddy correlation flux measurement system (ECOR; Cook and Pekour 2008), 
and the geostrophic wind profiles (representing the pressure-gradient forc-
ing) were retrieved from the Rapid Update Cycle (RUC; Benjamin et al. 
1994) model. ECOR fluxes are available as 30-minute averages, and RUC 
profiles are available hourly. 

A force-restore method was used to nudge the horizontally averaged 
LES10 solutions of potential temperature θ, specific humidity q, and hori-
zontal (along the x and y directions) flow velocity components u and v  
toward the corresponding profiles available from the RUC model (see Gibbs 
et al. 2011). This nudging procedure is designed to account for atmospheric 
variability on scales larger than the scale of the LES domain. At each LES 
time step, a force-restore term ( )zφF  was determined using 

 RUC LES( ) ( )( ) ,
r

z zz
tφ

φ φ−
=F  (21) 

where φ  is the filtered (in the LES sense) variable of interest (θ, q, u, or v), 
φ(z)RUC is the temporally interpolated RUC profile of the variable of interest, 
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tr is a nudging time constant, and LES( )zφ  is the horizontal plane average of 
the LES variable of interest at the preceding time step. The force-restore 
term was added to the right-hand side of prognostic equation for the corre-
sponding variable at each time step. In the conducted study, tr was taken 
equal to 3600 s. This provided an adjustment time scale that was larger than 
the typical CBL overturn time scale (which is of the order of a fraction of an 
hour), but smaller than the time scale of the boundary layer diurnal variation. 
With such prescribed value of the force-restore time constant, the imple-
mented nudging did not noticeably affect turbulent fluctuations within the 
scale ranges of interest for this study (with time scales up to ten minutes and 
length scales up to several hundred meters). 

The second simulation run, denoted as LES10EMF, was performed with 
enhanced surface moisture flux. The other setup parameters were the same as 
in the LES10 run. The RUC model data and the nudging procedure were also 
implemented in the manner analogous to the LES10 run. The surface sensi-
ble heat flux remained the same as in LES10 (with the heat-flux data taken 
from the ARM ECOR instrument), while the surface latent heat flux was 
prescribed as five times larger than in LES10. 

2.2  Structure function evaluation 
The LES provides simultaneous fields of potential temperature θ and specific 
humidity q at each time step and in every grid cell of the simulation domain. 
As such, 2( )nδ , 2( )δθ , 2( )qδ , and ( )qδθδ  can be evaluated from the LES 
output directly by using Eqs. (1) and (5)-(7), i.e., without invoking supple-
mentary relationships involving dissipation and destruction rates. 

In order to evaluate 2( )nδ  at given time step, the refractive index n is 
first calculated in each grid point of the simulation domain. For wavelengths 
within the visible-radiation range, n may be determined following Andreas 
(1988) and Frederickson et al. (2000) as 

 [ ]6
1 2 11 10 ( ) ( ) ( ) ,

q

p qPn m m m
T T

λ λ λ
ε γ

− ⎧ ⎫= + + −⎨ ⎬
⎩ ⎭

 (22) 

where  λ [μm]  is the wavelength of interest, P [hPa]  is atmospheric pressure, 
T [K]  is absolute temperature,  εq = 0.62197, q [gg–1]  is specific humidity, 
and  γ = (1 + 0.61 q). Parameters m1 and m2 are given by 

 1 2 2

6839.397 45.473( ) 23.7134 ,
130 38.9

m λ
λ λ− −= + +

− −
 (23) 
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 2 4 6
2 ( ) 64.8731 0.58058 0.0071150 0.0008851 .m λ λ λ λ− − −= + − +  (24) 

In our study, squared differences of n were calculated in space as func-
tions of separation distance. These calculations were carried out using sepa-
rations in the x and y directions horizontally, and in the z direction vertically. 
The separations used were integer multiples of the LES grid spacing Δ which 
is uniform in all directions. 

Evaluation of the second-order refractive index structure function in the 
x direction was conducted for each time t and height index z in the LES out-
put by calculating 

 ( ) ( ) ( ) 22( ) , , , , , , , , , ,i i
x

n t z x y x n t z y x n t z y x xδ ⎡ ⎤= − +⎣ ⎦  (25) 

at an individual point (represented by x and y index pair) in the horizontal 
plane and adding it to a running sum of such values corresponding to the 
current value of xi. Here, xi  determines the separation distance to which spa-
tial differences correspond. Initially  xi = Δ, and the 2( )

x
nδ  values were cal-

culated between neighboring grid points. The running sum was only 
modified if  x + xi ≤ X, where X is the domain size in the x direction. 

When all possible calculations had been performed in the horizontal 
plane at the current height and time, the running sum was averaged. The  
value of xi was then increased (from Δ to 2Δ), the running sum was reset, 
and the calculation process was repeated. This calculation procedure was 
carried out for incrementally larger integer values of xi until the maximum 
desired separation distance was reached or until squared differences can no 
longer be calculated. Of course, the number of incremental sums contrib-
uting to the horizontal plane averages would be smaller for larger separa-
tions. After squared differences were calculated for the largest separation, 
the entire procedure was repeated for the next height z. 

Once these calculations had been performed for all separations, heights, 
and times, the horizontal plane averages were additionally averaged in time. 
This provided the following direct estimate for the refractive-index structure 
function in x direction: 

 ( ) ( )2 2

, ,
( ) , ( ) , , , , ,i

x x y tx
n z i n t z x y xδ δΔ =  (26) 

where  iΔ = xi  is the separation distance in the x direction and the angle 
brackets signify the aforementioned averaging over horizontal planes sup-
plemented by averaging in time which in the reported study was performed 
over a one-hour time period (see the ending statement of this section). The 
number of flow realizations in time was corresponding to the number of LES 
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time steps within the averaging time period (about 3600 with the time step 
being in average 1 s). 

The same calculation procedure was applied to obtain the direct estimate 
of the refractive-index structure function in the y direction with the squared 
difference computed as 

 ( ) ( ) ( ) 22( ) , , , , , , , , , , ,j j
y

n t z y y x n t z y x n t z y y xδ ⎡ ⎤= − +⎣ ⎦  (27) 

where yj is the separation distance in the y direction, and the structure func-
tion evaluated as 

 ( ) ( )2 2

, ,
( ) , ( ) , , , , ,j

yy x y t
n z j n t z y y xδ δΔ =  (28) 

where  jΔ = yj  is the separation distance in the y direction. The largest sepa-
ration distance used in the structure-function calculations in x and y direc-
tions was 1000 m. 

Evaluation of the refractive-index structure function in the vertical direc-
tion slightly differed from the procedures used for evaluation of the func-
tions in x and y directions. In this case, fluctuations of n from horizontal 
plane averages were first calculated in order to exclude the influence of the 
mean vertical gradient of n in structure function calculations. The resulting 
squared difference (denoted with the zp subscript) appeared as 

( )
( ) ( ) ( ) ( )( )

2

2 2

( ) , , , ,
1 , , , , , , , , , , , , ,
2

k
zp

k k

n t z z y x

n t z y x n t z z y x n t z y x n t z z y x

δ =

′ ′ ′ ′⎡ ⎤ ⎡ ⎤− + + − −⎣ ⎦ ⎣ ⎦
 
(29)

 

where zk is the separation distance in the z direction at each x, y point and n΄ 
is the fluctuation of n from its horizontal plane average value. In this way, 

2( )
zp

nδ  was calculated as the average of squared differences in the positive 

and negative vertical directions. The ability to do calculations was therefore 
limited by the actual value of zk and by the proximity of the height of interest 
to the lower or upper limits of the LES domain. The combined averaging 
procedure analogous to the one outlined for structure function evaluation in 
the x and y directions was then used, resulting in 

 ( ) ( )2 2

, ,
( ) , ( ) , , , , ,k

zpzp x y t
n z k n t z z y xδ δΔ =  (30) 

the directly evaluated refractive-index structure function in the z direction for 
the separation distance  kΔ = zk . Largest possible separation distance for 
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2( )
zp

nδ  at given elevation z was thus determined by this elevation and by 

the distance from the domain top. 
The same methods were used to directly calculate 2( )δθ , 2( )qδ , and 

( )qδθδ   in x, y, and z directions from the LES potential temperature and 
humidity fields. In order to estimate 2

nC  from Eq. (11), structure-function  
parameters 2

TC , 2
qC , and TqC  were determined using Eqs. (8) to (10) from 

the corresponding structure-function dependencies in the inertial subranges. 
The coefficients A and B were prescribed following Andreas (1988). 

All structure function and structure-function parameter values discussed 
in the following sections were evaluated from simulation runs LES10 and 
LES10EMF for the hour-long period 19:00 through 20:00 UTC on 31 May 
2009. 

3.  RESULTS 
3.1  Flow statistics in simulated CBLs 
The main features of CBL structure from simulations LES10 and 
LES10EMF are illustrated in Fig. 1 with solid and dashed lines, respectively. 
Profiles of potential temperature θ, specific humidity q, flow velocity com-
ponents u and v, potential temperature variance θ θ′ ′ , specific humidity vari-
ance q q′ ′ , potential temperature-specific humidity co-variance qθ ′ ′ , and 
virtual potential temperature flux vwθ′ ′ , where w is the vertical component of 
the flow velocity and the primes signify deviations from the plane means, are 
included. All shown statistics have been obtained by the plane averaging, 
and then additionally averaged in time between 19:00 and 20:00 UTC on 
31 May 2009. This hour-long period corresponds to the time frame over 
which the structure function data have also been obtained (see Section 2.2). 

The vertical profile of θ from simulation LES10 in Fig. 1 shows a rela-
tively well-mixed CBL interior where changes of θ with height are rather 
minor. In the lower CBL portion, potential temperature increases toward the 
warm surface as a result of the heat transfer. The capping inversion marked 
by a notable potential temperature increase at the height of about 1.5 km is 
also clearly seen. The vertical profile of q from simulation LES10 mirrors 
features seen in the θ profile except for the near-surface region. 

Profiles of the horizontal velocity components show that momentum  
is also relatively well mixed in the CBL interior, and that the mean flow is 
south-southwesterly throughout the depth of the CBL.  The θ θ′ ′  profile shows 
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Fig. 1. Vertical profiles of potential temperature θ, specific humidity q, horizontal 
flow velocity components u and v, potential temperature variance θ θ′ ′ , specific  
humidity variance q q′ ′ , potential temperature-specific humidity covariance qθ ′ ′ , 

and virtual potential temperature flux vwθ′ ′  from simulations LES10 (solid lines) 
and LES10EMF (dashed lines). 

near-surface and entrainment zone maxima, while the q q′ ′  profile has a dis-
tinct maximum only in the entrainment zone. Values of q q′ ′  in the lower 
portion of the CBL are relatively small as a result of the weak surface latent 
heat flux both measured by the ARM ECOR system and prescribed in simu-
lation LES10. The structure of the qθ ′ ′  and vwθ′ ′  profiles in Fig. 1 is gener-
ally consistent with the structure observed in the CBL (see e.g., Wyngaard et 
al. 1978). 

Shapes of the θ and q profiles from simulation LES10EMF in Fig. 1 are 
overall rather similar to those from simulation LES10. The specific humidity 
is increased slightly in simulation LES10EMF as a result of the enhanced  
latent heat flux, but the nudging procedure keeps the mean values of q from 
increasing greatly. The velocity-component and θ θ′ ′  profiles also remain 
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quite similar. However, the specific humidity variance q q′ ′  is noticeably 
larger in LES10EMF both in the entrainment zone and near the surface. The 
enhanced latent heat flux also results in anticipated increases of vwθ′ ′  and 
near-surface temperature-humidity covariance in LES10EMF. 

3.2  Structure functions 
Refractive index structure functions evaluated using the two methods de-
scribed in Section 2.2 are functions of height and the separation distance 
r = (xi, yj, zk). Plotting structure function values versus separation distance 
reveals the extent to which structure functions evaluated in the x, y, and z  
directions relate to each other. In addition, such a plot shows the range of 
separations for which the structure functions exhibit a r2/3 dependence  
expected for the inertial subrange. Only for separations within the inertial 
subrange does the refractive index structure-function parameter defined as in 
Eq. (2) make sense. 

Figure 2 shows the refractive index structure functions 2( )
x

nδ , 2( )
y

nδ , 

and 2( )
zp

nδ  evaluated directly in all three directions at a height of 745 m 

(that is, within the mixed region of the CBL) from the LES10EMF simula-
tion. The refractive index values correspond to an electromagnetic radiation 
wavelength of 0.55 μm following Andreas (1988). For separations from  
approximately 40 through 200 m, values of structure functions along indi-
vidual directions collapse together and all tend to exhibit a r2/3 behavior. 

For separations larger than 200 m, structure functions for different direc-
tions begin to diverge. Values of 2( )

zp
nδ  increase relatively rapidly with  

increasing separation distance because larger separations correspond to dif-
ferences in the refractive index between portions of the CBL with essentially 
different characteristics. Thus, even with the removal of horizontal plane  
averages prior to structure function evaluation, values of 2( )

zp
nδ  become 

large as squared differences are being calculated between points in the mixed 
layer and the entrainment zone (or free atmosphere above it), or between 
points in the mixed layer and in the surface layer. The drop off in the magni-
tudes of the structure function values for separations smaller than approxi-
mately 40 m is attributable to the combined effect of the finite differencing 
and damping by the LES subfilter-scale model. This decline in structure 
function values represents a reduction in the spatial variability in the refrac-
tive-index field at smaller separations (higher wavenumbers). 
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Fig. 2. Directly evaluated second-order refractive index structure functions  2( )
x

nδ  

(dashed line), 2( )
y

nδ  (dotted line), and 2( )
zp

nδ  (dashed-dotted line) versus separa-

tion distance from simulation LES10EMF at height 745 m. Refractive index calcula-
tions correspond to a wavelength of 0.55 μm. The straight black reference line 
represents the  r2/3 dependence. 

In addition to the results from simulations LES10 and LES10EMF, 
a similar analysis conducted with output from simulations using coarser and 
finer grid spacings (not included here) indicated that the smallest separation 
at which values of 2( )nδ  begin to exhibit a r2/3 dependence appears to be 
approximately 4Δ. This extension of 2/3-law behavior to smaller separations 
with decreasing simulation grid spacing is quite expectable as more scales in 
the flow are explicitly resolved and the effects of the subfilter-scale model 
become less important. 

Values of 2( )
x

nδ , 2( )
y

nδ , and 2( )
zp

nδ  estimated using Eq. (4) and 

plotted versus separation distance (not shown) exhibit very similar behavior 
to that observed in Fig. 2 for the directly evaluated structure functions. As 
such, refractive-index structure functions obtained by both methods outlined 
in Section 2.2 can be used to compute refractive-index structure-function  
parameters through Eq. (2) for separations for which the directly evaluated 
structure functions exhibit 2/3-law behavior (see Fig. 2). 
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Fig. 3. Vertical profiles of 2
n

x
C  calculated from the simulation LES10EMF using 

the two methods outlined in Section 2.2. Directly evaluated 2
n

x
C  (solid line) and 

2
n

x
C  estimated from 2

TC , 2
qC , and TqC  using Eq. 11 (dashed line) correspond to 

a wavelength of 0.55 μm. 

Figure 3 shows vertical profiles of 2
n

x
C  from simulation LES10EMF 

evaluated directly and estimated from 2
TC , 2

qC , and TqC  using Eq. (4) for 
a wavelength of 0.55 μm. Profiles of 2

n
y

C  and 2
n

zp
C  are quite similar and 

are not presented. Structure-function parameters in Fig. 3 indicate that in the 
lower portion of the CBL both methods for determining 2

n
x

C  provide very 

close results. In the upper portion of the CBL, however, differences become 
noticeable. Conceivably, these differences (which are rather minor overall) 
result from effects omitted in the adopted linear relationship (4) between the 
refractive index on one side, and potential temperature and specific humidity 
on the other side. Above approximately 500 m, values of 2

n
x

C  estimated  

using 2
TC , 2

qC , and TqC  tend to be larger than values of 2
n

x
C  evaluated  

directly from the refractive-parameter structure function. 
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Fig. 4. Vertical profiles of 2
n

x
C  (dashed line), 2

n
y

C  (dotted line), and 2
n

zp
C  

(dashed-dotted line) from simulation LES10EMF evaluated directly (left) and esti-
mated through 2

TC , 2
qC , and TqC  (right). Structure-function parameters correspond 

to a separation distance of 60 m and have been calculated for a wavelength of 
0.55 μm. The solid black curves (identical in both panels) represent the MOST 2

nC  
prediction following Andreas (1988). 

It appears instructive to further evaluate the agreement between directly 
evaluated 2

n
x

C , 2
n

y
C , and 2

n
zp

C  and their counterparts estimated from tem-

perature and humidity structure-function parameters. The left panel in Fig. 4 
shows vertical profiles of the directly evaluated refractive index structure-
function parameters from simulation LES10EMF. The solid black curve rep-
resents the Monin–Obukhov similarity theory (MOST) surface-layer 2

nC  
prediction following Andreas (1988). Near the surface, the behavior  
of directly evaluated 2

n
x

C , 2
n

y
C , and 2

n
zp

C  with height tends to agree rela-

tively well with the similarity theory prediction. The inability of the LES to 
fully resolve the variability in the temperature field near the surface is an  
apparent reason for the smaller values of the directly evaluated structure-
function parameters relative to the MOST prediction very close to the sur-
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face. The divergence of 2
n

x
C  and 2

n
y

C  near the surface is apparently associ-

ated with the flow anisotropy resulting from surface wind shear. 
Marked similarity of 2

n
x

C , 2
n

y
C , and 2

n
zp

C  at a height of 745 m has  

already been pointed out in Fig. 2. Figure 4 shows that this similarity extends 
vertically through a significant portion of the CBL. The larger values of 

2
n

zp
C  in the upper portion of the CBL result from the differences calculated 

in the vertical direction between sublayers with considerably different refrac-
tive parameter values. The right panel in Fig. 4 shows vertical profiles of 

2
n

x
C , 2

n
y

C , and 2
n

zp
C  estimated using 2

TC , 2
qC , and TqC  from simulation 

LES10EMF. The shapes of these profiles are nearly indistinguishable from 
those of the directly evaluated structure-function parameters in the left panel 
of Fig. 4. Consequently, the analysis provided above applies to profiles in 
the right panel as well. 

In order to assess the relative contributions of temperature and humidity 
fluctuations to refractive index variability in terms of 2

nC , the vertical distri-
butions of the individual terms in Eq. (11) have been considered. Figure 5 
shows these distributions for simulations LES10 (left) and LES10EMF 
(right). All terms shown have been evaluated along the x direction. Corre-
sponding profiles of 2

n
y

C  and 2
n

zp
C , and individual terms contributing to 

these quantities (not shown here) look very similar to the distributions illus-
trated in Fig. 5. 

For both simulations LES10 and LES10EMF, the 2
TC  term dominates the 

2
nC  budget in the lower portion of the CBL. The relatively weak surface  

latent heat flux in simulation LES10 results in both 2
qC  and TqC  terms being 

relatively small near the surface compared to their values in simulation 
LES10EMF. The 2

qC  term from LES10EMF exhibits a near-surface maxi-
mum as a result of the enhanced surface latent heat flux. Even with this max-
imum and the increase in near-surface values of the TqC  term in simulation 
LES10EMF, the 2

TC  term remains dominant. 
The difference in the height at which the TqC  term becomes negative in 

simulations LES10 and LES10EMF is worth noting. The prescription of an 
enhanced latent heat flux in simulation LES10EMF causes this transition of 

TqC  to negative values to occur at greater heights than in simulation LES10. 
This difference can be important because total 2

nC  can be significantly  
reduced  as  the magnitude  of the negative TqC  term values  becomes  larger 
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Fig. 5. Vertical distribution of 2
n

x
C  and individual contributing terms in Eq. (11) for 

simulations LES10 (left) and LES10EMF (right). Structure function values corre-
spond to a separation distance of 60 m and a wavelength of 0.55 μm. The triangles 
represent negative values of the second term on the right-hand side of Eq. (11). 

above this transition height as a result of the entrainment process. The influ-
ence of the negative TqC  term on total 2

nC  is clearly seen in both panels of 
Fig. 5. 

4.  CONCLUSIONS 
Approaches toward direct evaluation of refractive index structure functions 
and structure-function parameters from LES output for atmospheric CBL 
have been investigated. Feasibility of the direct retrieval of the refractive-
index structure-function parameters from LES output for a moderately 
sheared CBL has been demonstrated. 

Two direct evaluation methods have been compared. The first method 
involves calculating the refractive index at each point in the simulation  
domain with subsequent calculation of the refractive-index structure func-
tion. The second method is based on a parameterized linear relationship  
between the refractive index structure function and temperature, humidity, 
and temperature-humidity structure functions. The latter functions have been 
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directly evaluated from the LES temperature and humidity fields. Either 
method provides structure functions that correspond to different spatial sepa-
rations expressed as integer multiples of the LES numerical grid spacing. 

Structure functions evaluated through both methods have been analyzed 
for two CBL simulation outputs with 10-m grid spacing. One simulation fea-
tured an enhanced surface latent heat flux relative to the other. Both evalua-
tion methods yield refractive-index structure function values that follow the 
2/3-law throughout an extended range of separations in the well-mixed por-
tion of the CBL. The lower limit of the 2/3-law behavior is dependent upon 
the LES spatial resolution and appears to be about four times the LES grid 
spacing (which was spatially uniform in the conducted LES). 

For each evaluation method, vertical profiles of 2
nC  computed for separa-

tions along the x, y, and z directions have been shown to collapse together 
over a significant portion of the CBL. Near-surface divergence of 2

nC  values 
along the horizontal directions was noted and attributed to the influence of 
surface wind shear  on the turbulent fluctuations of temperature  and  humid-
ity. The behavior of 2

nC  near the surface was shown to agree favorably with 
MOST predictions. 

Spatial variability in the temperature field was found to be the dominant 
contributor to visible-radiation 2

nC  values near the surface for both simula-
tions considered. Aloft, the joint temperature-humidity structure function  
parameter reaches relatively large-magnitude negative values as a result of 
entrainment. This effect acts to reduce the total 2

nC  in the upper portion of 
the CBL. 
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