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Abstract This study focuses on the inertial oscillation aspect of the nocturnal low-level jet

(NLLJ). In the context of the Ekman model solutions, conceptual NLLJ inertial oscillation

analytical frameworks proposed by Blackadar in 1957 and Shapiro and Fedorovich and

van de Wiel et al. in 2010 are compared. Considering a NLLJ produced via direct

numerical simulation over flat terrain with no baroclinic influence as a reference case, the

deficiencies of each framework in representing a realistic NLLJ are assessed. The

Blackadar theory results in unrealistic wind profiles near the surface. While extensions of

Blackadar’s framework by Shapiro and Fedorovich and van de Wiel et al. produce more

realistic NLLJs, the simpler approach taken by van de Wiel et al. does not describe the

NLLJ wind hodograph at later times sufficiently in qualitative terms.
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1 Introduction

The nocturnal low-level jet (NLLJ) is defined as a wind maximum occurring overnight in

the lowest kilometer of the atmosphere. The NLLJ is frequently observed in the United

States [2, 3, 5, 6, 10, 12, 13, 15, 16, 18–20], Australia, Europe, North Africa, and elsewhere

in the world [1, 4, 16]. In the U.S., NLLJs commonly form over the Great Plains; these jets

are typically southerly and most often occur during the warm months of late spring,

summer, and early autumn. In the NLLJ climatology presented by Bonner [6], the average

height of NLLJ wind maxima is about 800 m above ground level (a.g.l.). More recently,

Whiteman et al. [19] showed that half of NLLJs occurring over the Great Plains have wind
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maxima below 500 m. The NLLJ winds can be very strong, in many cases exceeding the

geostrophic wind speed of the previous day by more than 70% [14].

NLLJs in the Great Plains are of meteorological importance due to their influence on

weather and climate over the region [16]. Moisture transport from the Gulf of Mexico

northward over the central U.S. by NLLJs has been related to the observed nocturnal

maximum in warm-season rainfall recorded over the central U.S. [11]. Thermodynamic

and dynamic support for the initiation of deep convection and severe weather phenomena

[16] can be provided by NLLJs. Strong wind shear associated with NLLJs can be haz-

ardous for aviation especially during takeoffs and landings. Beyond the aforementioned

practical applications, NLLJs are of theoretical interest as fluid dynamical phenomenon

due to the peculiarity of the physical mechanisms associated with NLLJ formation.

The dynamics of NLLJs have been described by various theories in the literature. While

each theory attempts to explain particular features of the NLLJ, a theory correctly or fully

describing this phenomenon as observed has yet to be developed. Blackadar [5] detailed

the NLLJ as an inertial oscillation in the lower atmosphere occurring once frictional

restraint from the surface is released after sunset. This oscillation results in the nocturnal

wind vector turning around the geostrophic wind vector. In order to facilitate a more

complete understanding of the inertial oscillation mechanism and the roles of vertical

momentum transport and intra-layer friction in the NLLJ, Shapiro and Fedorovich [14]

extended the Blackadar theory by considering the NLLJ as an inertial oscillation initiated

by the sudden reduction of frictional constraint rather than the full release. The resulting

inertial oscillation tends toward a steady-state nocturnal Ekman wind profile with reduced

eddy viscosity. Finding the analytical approach of Shapiro and Fedorovich rather com-

plicated and impractical, van de Wiel et al. [17] presented a simpler model of the NLLJ by

employing constant friction rather than allowing friction to vary in time. This model

produces an undamped nocturnal wind profile oscillation around an equilibrium wind

profile that would exist in a stationary nocturnal boundary layer.

The present work compares the ability of the three aforementioned analytical frame-

works, hereafter BLK1957 [5], SF2010 [14], and VDW2010 [17], to represent a realistic

NLLJ inertial oscillation. In the following sections, each analytical framework will be

evaluated against each other and against data from an idealized direct numerical simulation

(DNS) of a NLLJ inertial oscillation. The frameworks will then be compared, and their

strengths and weaknesses will be identified.

2 Analysis

The modern computational tool of DNS resolves turbulent motions within a prescribed

scale range by directly integrating the relevant equations of boundary-layer dynamics and

thermodynamics (e.g., [9]). In this study we applied this technique to produce a NLLJ over

flat terrain with no baroclinic effects. The DNS code employed in this study is a close

counterpart of the one described in [8] and used the following governing parameters

representing external forcings: squared Brunt-Väisälä (buoyancy) frequency N2 ¼ 10�4

s�2, Coriolis parameter f ¼ 10�4 s�1, kinematic viscosity m ¼ 1 m2s�1, and geostrophic

wind components Ug ¼ 0 ms�1 and Vg ¼ 10 ms�1. The large scale synoptic forcing is

accounted for via these geostrophic wind components. The DNS was run on a

256�256�384 (x �y �z) grid with a uniform grid spacing of 4 m with periodic boundary

conditions in each lateral direction. While such a domain may not capture all relevant
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eddies, tests with various domain sizes indicated that these simulations appropriately

produce the NLLJ mean flow structure. Test runs also showed that the employed grid

provides a reasonable balance between accuracy and computational efficiency. The Rey-

nolds number in the simulation is � 104 which represents weakly turbulent flow.

Daytime was considered to be comprised of the first 10,800 s of the simulation, and

nighttime extended from 10,800 to 54,000 s. Boundary conditions for momentum are free-

slip at the upper boundary and no-slip at the lower boundary. Boundary conditions for

buoyancy are of the Neumann type at the upper boundary (buoyancy flux going to zero)

and of the Dirichlet type at the lower boundary with prescribed daytime and nightime

buoyancy values of b0day ¼ 0:1 ms�2 and b0night ¼ 0:05 ms�2. Note that in the DNS

framework the turbulent mixing coefficient, k, is not specified. Rather, the turbulence is

simulated explicitly, with no need for a mixing parameterization. Hodographs of the NLLJ

produced by this DNS are shown in Fig. 1. Such hodographs may be considered repre-

sentative of the NLLJ phenomenon over flat terrain with a pure geostrophic forcing.

To allow for the direct comparison of oscillating wind profiles produced by each

analytical framework, the same initial wind profile is imposed for each framework. Based

on the work of Ekman [7], the model for the initial state is formulated in terms of the

stationary, horizontally homogeneous momentum balance in the planetary boundary layer.

The corresponding governing equations are written as

f ðv� VgÞ þ k
o2u

oz2
¼ 0; ð1Þ

�f ðu� UgÞ þ k
o2v

oz2
¼ 0: ð2Þ

Fig. 1 Normalized hodographs show the NLLJ produced with DNS. The red line (1) represents the
hodograph at 100 m a.g.l., blue line (2) at 200 m, orange line (3) at 300 m, green line (4) at 400 m, and
purple line (5) at 500 m
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Here, f is the Coriolis parameter, u and v are the horizontal x and y components of the mean

wind, and Ug and Vg are the corresponding components of the geostrophic wind vector,

assumed to be height-constant. The last terms on the left-hand sides represent the

parameterized divergence of the turbulent kinematic stress using flux-gradient relationships

where k is interpreted as the eddy viscosity (treated as constant in the Ekman model), and z

is height above ground. The Ekman solutions for the Northern Hemisphere (f [ 0) are

u ¼ Ug � e�aezðUg cos aezþ Vg sin aezÞ; ð3Þ

v ¼ Vg � e�aezðVg cos aez� Ug sin aezÞ; ð4Þ

where

ae ¼
ffiffiffiffiffi

f

2k

r

:

Figure 2 shows Ekman model solutions with geostrophic wind components of Ug ¼ 0 and

Vg ¼ 10 ms�1, f ¼ 8:7� 10�5 s�1, and k ¼ 12 m2s�1, which may be considered repre-

sentative of typical daytime conditions in the southern Great Plains. The profiles shown in

Fig. 2 will be used as the initial profiles (hereafter denoted as u0 and v0) in further inertial

oscillation calculations.

Fig. 2 Ekman model solutions in the daytime boundary layer with Ug ¼ 0 ms�1 and Vg ¼ 10 ms�1. The

left panel shows the u- and v-components of the wind and the right panel shows the wind magnitude,

M ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u2 þ v2
p

with Mg ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u2g þ v2g

q

¼ 10 ms�1
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The BK1957 model assumes that friction (turbulent stress) goes to zero in the entire

nocturnal boundary layer at sunset and remains zero throughout the night. Under this

assumption, using the initial Ekman solutions profiles u0 and v0, the non-stationary

equations

ou

ot
¼ f ðv� VgÞ; ð5Þ

ov

ot
¼ � f ðu� UgÞ; ð6Þ

have the following oscillatory solutions:

u� Ug ¼ ðv0 � VgÞ sin ft þ ðu0 � UgÞ cos ft; ð7Þ

v� Vg ¼ ðv0 � VgÞ cos ft � ðu0 � UgÞ sin ft: ð8Þ

The period, T, of this oscillation is T ¼ 2p
f
where f is the Coriolis parameter. The afore-

mentioned value of f yields T of approximately 20 h. The top panels in Fig. 3 show the

BLK1957 inertial oscillation computed over 12 h. The complete omission of friction in this

model results in non-physical wind profiles near the surface as the wind speed does not go

to zero at the surface. The hodograph for the BLK1957 model shows the profiles oscillating

around the geostrophic wind rather than going to zero when approaching the surface.

The SF2010 [14] model extends the BLK1957 framework by including frictional effects

via an instantaneous drop in eddy viscosity during the transition from day to night.

Employing the non-stationary momentum balance equations

ou

ot
¼ f ðv� VgÞ þ k

o2u

oz2
; ð9Þ

ov

ot
¼� f ðu� UgÞ þ k

o2v

oz2
; ð10Þ

with a step-change in k at sunset, SF2010 derive an analytical solution for u(z, t) and v(z, t)

describing the resulting inertial oscillation (the reader is directed to that work for more

information). Applying the SF2010 solution with a daytime k of 12 m2 s�1 and a nighttime

value of 5 m2 s�1 provides the oscillation shown in the middle panels of Fig. 3. The

SF2010 expressions for the velocity components u and v can be found as Eqs. (36) and (37)

in [14]. It is immediately apparent that the SF2010 model produces more realistic jet

profiles and wind hodograph than the BLK1957 model. The wind profile produced from

SF2010 goes to zero at the surface and has the low-level wind speed maximum charac-

teristic of a low-level jet. These are both features that the wind profiles produced with

BLK1957 do not have. Keeping in mind that the oscillation was initiated from an idealized

state described by the Ekman solution, the SF2010 model produces wind hodographs

resembling those of a realistic NLLJ driven purely by geostrophic forcing (see Fig. 1).

Aiming for simplicity and applicability, the VDW2010 model extends the BLK1957

model to include frictional effects, but does so by assuming that the term accounting for

divergence of the frictional stress during the transition from day to night and throughout

the night remains constant and equal to a hypothetical equilibrium (stationary) nighttime

value. The VDW2010 analysis begins with the non-stationary momentum balance equa-

tions written as
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ou

ot
¼ f ðv� VgÞ �

osx
oz

; ð11Þ

ov

ot
¼� f ðu� UgÞ �

osy
oz

; ð12Þ

where sx and sy are corresponding components of the kinematic turbulent shear stress. As a

closure assumption, VDW2010 suggests that the generally time-dependent kinematic

turbulent stress divergences can be approximated by time-invariant equilibrium friction

terms (i.e.,osx
oz
ðz; tÞ ¼ FxeqðzÞ and

osy
oz
ðz; tÞ ¼ FyeqðzÞ). These equilibrium stress terms are

determined from

0 ¼ f ðVg � VeqÞ þ FxeqðzÞ; ð13Þ

0 ¼� f ðUg � UeqÞ þ FyeqðzÞ; ð14Þ

where VeqðzÞ and UeqðzÞ are components of the equilibrium nighttime wind vector. The

VDW2010 model thus assumes that the friction during the evening transition is the same as

friction in the equilibrium nocturnal boundary layer. Applying this closure in (11) and (12)

and integrating the resulting equations over time leads to

u� Ueq ¼ ðv0 � VeqÞ sin ft þ ðu0 � UeqÞ cos ft; ð15Þ

v� Veq ¼ ðv0 � VeqÞ cos ft � ðu0 � UeqÞ sin ft: ð16Þ

This solution is shown in the bottom panels of Fig 3. The equilibrium friction terms and

thus the equilibrium wind profiles are computed from the Ekman solutions as suggested In

VDW2010. In our calculations with the VDW2010 model, the prescribed nighttime eddy

viscosity was taken as 5 m2s�1. The VDW2010 model yields an oscillation of the wind

profile around the nocturnal equilibrium profile. While the oscillation looks more realistic

than the one predicted by the BLK1957 model, the VDW2010 assumption of the diver-

gence of frictional stress remaining constant throughout the night is rather artificial.

Moreover, this restriction produces a perfectly circular hodograph in contrast to the quasi-

spiral shape of the DNS hodograph (see Fig. 1). Also, defining the appropriate equilibrium

profiles in the VDW2010 model is problematic as knowing what the equilibrium state

would be is not always clear, and the VDW2010 model solution does not tend toward a

physical equilibrium state in time.

Upon visual inspection of Fig. 3, one may notice differences between the SF2010 and

VDW2010 results. In order to make these differences more visible, the VDW2010 inertial

oscillation profiles are superimposed on the SF2010 inertial oscillation profiles in Fig. 4.

For both the u- and v-components and the magnitude oscillations, VDW2010 produces a

broader oscillation and a higher maximum velocity. The time evolution of differences

between the two model predictions is illustrated in Fig. 5. During most of the night,

VDW2010 produces higher velocities below 500 m. Overall, the VDW2010 model yields a

bFig. 3 Inertial oscillations calculated over 12-h with BLK1957, SF2010, and VDW2010 models shown
respectively from top to bottom. In the left-hand panel the oscillating profiles show the entire range of wind
speed changes during the 12-h simulation (dashed lines), while the black lines represent the initial wind

speed (same for all three models),
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u20 þ v20
p

, and the solid colored lines represent the
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u2 þ v2
p

values at

hour 12. The right panels show the respective hodographs at 250-m height a.g.l. with dots indicating
equilibrium states (geostrophic for BLK1957 and nighttime Ekman for SF2010 and VDW2010)
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jet that is shallower and with a maximum that is closer to the surface compared to the jet

predicted by SF2010, but the clearest manifestation of the main difference between the two

models can be observed in the hodographs plotted in Fig. 6. At all levels shown, the same

tendency is apparent: the VDW2010 hodograph remains at a constant distance from the

equilibrium point while the SF2010 hodograph spirals in toward the equilibrium point. The

constant curvature radius of the VDW2010 hodograph can be explained upon closer

inspection of the VDW2010 equation set. After the substitution of (13) and (14) into (11)

and (12), governing flow equations can be written as

oðu� UeqÞ
ot

¼ f ðv� VeqÞ; ð17Þ

Fig. 4 The SF2010 inertial oscillation over 12-h is shown superimposed on the VDW2010 inertial
oscillation over 12-h for comparison. The upper left panel shows the u-component profiles, the upper right
panel shows the v-component profiles, and the lower panel shows the wind magnitude. Bold black lines
show initial profiles, red dashed lines show hourly SF2010 profiles, and blue dashed lines show hourly
VDW2010 profiles. Corresponding final profiles of the 12-h simulation are shown in bold red and blue lines.
The equilibrium profiles are given by solid green lines
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oðv� VeqÞ
ot

¼� f ðu� UeqÞ: ð18Þ

Multiplying (17) by (u� Ueq) and (18) by (v� Veq), adding the resulting equations

together, rearranging terms, and integrating with respect to time leads to

ðu� UeqÞ2 þ ðv� VeqÞ2 ¼ constant; ð19Þ

which is the equation of a circle centered on point (Ueq,Veq). This implies that the oscil-

lation produced by the VDW2010 is fully dependent upon the chosen equilibrium state

about which the velocity vector rotates. In the considered case, both analytical approaches

were applied within the Ekman model framework, so the equilibrium profile of VDW2010

is identical to the profile toward which SF2010 converges in time.

Fig. 5 Vertical profiles of the difference of the SF2010 and VDW2010 models at each hour where

Du ¼ uSF � uVDW , Dv ¼ vSF � vVDW , and DM ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u2 þ v2
p

SF �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u2 þ v2
p

VDW . The solid line presents the
profile for the final hour of the simulation (t ¼ 12 h) while the dashed lines indicate the profiles at each hour
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3 Summary

Both the SF2010 and VDW2010 analytical frameworks result in a more realistic jet profile

than the BLK1957 model, implying that the inclusion of frictional effects is necessary to

produce the NLLJ phenomenon. While the SF2010 model appears to appropriately resolve

a jet profile given the idealized Ekman model framework in which it was applied, the

simplified approach adopted by the VDW2010 model produces a similar jet profile. The

SF2010 model applies an instantaneous drop in eddy viscosity during the transition from

day to night allowing the terms accounting for divergence of frictional stress to vary in

time through the night. In contrast, the VDW2010 model assumes a constant value for the

terms accounting for divergence of frictional stress throughout the night. While the wind

profiles appear similar in shape, VDW2010 leads to a jet that is shallower with a lower

height of wind maximum compared to SF2010. The SF2010 model leads to a hodograph

that has spiral features similar to the spiral hodograph from the DNS run. In contrast, the

VDW2010 model yields a circular hodograph.

The dependence of the VDW2010 model solution on the equilibrium-state wind profile

implies that a valid method to identify this profile is needed. The authors of VDW2010

[17] recognized this dependence and suggested that an equilibrium profile more realistic

than the Ekman model profile should be identified. However, even with a more appropriate

equilibrium profile, the VDW2010 model assumption of a constant divergence of frictional

Fig. 6 Wind hodographs obtained with SF2010 (solid lines) and VDW2010 (dashed lines) models at four
different heights. Each black dot on the hodographs indicates a 3-h mark
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stress would still result in a circular hodograph. In general, the radius of a NLLJ hodograph

decreases during the night as implied by the DNS (see Fig 1). While the VDW2010

approach is much simpler than the SF2010 one, it loses much detail in the simplification.

This suggests that the VDW2010 method does not adequately describe the NLLJ hodo-

graph in qualitative terms especially at later times. In the case of the SF2010 model, the

complexity of its solution could be viewed as a weakness. However, the post-sunset

reduction of the eddy viscosity value produces a spiral more consistent with the realistic

NLLJ hodographs produced with DNS.
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