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IIIIII...   BBBaaasssiiiccc   AAApppppprrroooaaaccchhheeesss   tttooowwwaaarrrddd   
AAAtttmmmooosssppphhheeerrriiiccc   BBBooouuunnndddaaarrryyy   LLLaaayyyeeerrr   

MMMooodddeeellliiinnnggg   aaannnddd   SSSiiimmmuuulllaaatttiiiooonnn   
EEEvvvgggeeennniii   FFFeeedddooorrrooovvviiiccchhh   

UUUnnniiivvveeerrrsssiiitttyyy   ooofff   OOOkkklllaaahhhooommmaaa,,,   SSSccchhhoooooolll   ooofff   MMMeeettteeeooorrrooolllooogggyyy   

  



OOOuuutttllliiinnneee   
• Governing equations of ABL dynamics and 

thermodynamics; 

• Boussinesq approximation; applicability of 
equations to atmospheric turbulent flow; 

• Reynolds averaging; turbulence closure; 

• Concept of LES; subgrid turbulence closure; 

• Modeling ABL interactions with underlying 
surface; 

• Parameterization of sheared CBL entrainment in 
atmospheric models. 



MMMaaassssss   cccooonnnssseeerrrvvvaaatttiiiooonnn   fffooorrr   iiinnncccooommmppprrreeessssssiiibbbllleee   
fffllluuuiiiddd   (((cccooonnntttiiinnnuuuiiitttyyy   eeeqqquuuaaatttiiiooonnn)))   

Vector form: 
0∇⋅ =v , 

where 1 2 3( , , )v v v=v  is the flow (wind) velocity vector. 

Component form: 
0i

i

v
x
∂

=
∂

, i=1, 2, 3, 

(Einstein’s summation convention is used!), or 

0u v w
x y z
∂ ∂ ∂

+ + =
∂ ∂ ∂

, 

where 1 2 3,  ,  x x y x z x= = =  are Cartesian coordinates, and 

1 2 3,  ,  u v v v w v= = =  

are corresponding velocity vector components. 



MMMooommmeeennntttuuummm   bbbaaalllaaannnccceee   (((NNNaaavvviiieeerrr---SSStttoookkkeeesss   eeeqqquuuaaatttiiiooonnnsss)))   
Vector form: 

21( ) p f
t

ν
ρ

∂
+ ⋅∇ = − ∇ + − × + ∇

∂
v v v g k v v , where 

t is time, p is pressure, ρ  is density, 

2 sinf ϕ= Ω  is Coriolis parameter (ϕ  is geographic latitude), 

1 2 3( , , ) (0,0, )g g g g≡ = −g  is gravitational acceleration vector, 

ν  is kinematic viscosity (considered to be constant). 

Component form: 
2

3 3
1i i i

j i ij j
j i j j

v v vpv gδ fv ν
t x ρ x x x

ε∂ ∂ ∂∂
+ = − − + +

∂ ∂ ∂ ∂ ∂
, i=1, 2, 3; j=1, 2, 3. 



HHHeeeaaattt   bbbaaalllaaannnccceee   (((ttthhheeerrrmmmaaalll   eeennneeerrrgggyyy   eeeqqquuuaaatttiiiooonnn)))   
Vector form: 

2
so si

1 1 ( )h r
p p

H H
t c c
θ θ ν θ

ρ ρ
∂

+ ⋅∇ = ∇ − ∇⋅ + −
∂

v F , where 

T  is temperature, /
0( / ) pR cT p pθ =  is potential temperature, 

1 2 3( , , )r r r rF F F=F  is radiative heat flux (vector), 

soH  and siH  are, respectively, sources and sinks of heat (in units 
of energy per unit volume per unit time), 

hν  is molecular heat diffusivity (considered to be constant). 

Component form: 
2

so si
1 1 ( )ri

i h
i i i p i p

Fv H H
t x x x c x c
θ θ θν

ρ ρ
∂∂ ∂ ∂

+ = − + −
∂ ∂ ∂ ∂ ∂

, i=1, 2, 3. 



AAABBBLLL   gggooovvveeerrrnnniiinnnggg   eeeqqquuuaaatttiiiooonnnsss   iiinnn   BBBooouuussssssiiinnneeesssqqq   fffooorrrmmm   
Equations of motion: 

2

3( ) ( )i i i
j r ij j gj

j i c j j

v v vgv f v V ν
t x x x x

π θ θ ε
θ

∂ ∂ ∂∂
+ = − + − + − +

∂ ∂ ∂ ∂ ∂
, where 

( ) /r cp pπ ρ= −  is normalized pressure deviation, 

geostrophic wind vector 1 2( , )g g gV V=V  is defined through 

2
1

1 0r
g

c

p fV
xρ
∂

− + =
∂

, 1
2

1 0r
g

c

p fV
xρ
∂

− − =
∂

, 

rθ  and rp  are environmental values of θ  and p , 

cθ  and cρ  are constant reference values of θ  and ρ , 

Heat balance equation: 
2

so si
1 1 ( )ri

i h
i i i p c i p c

Fv H H
t x x x c x c
θ θ θν

ρ ρ
∂∂ ∂ ∂

+ = − + −
∂ ∂ ∂ ∂ ∂

. 



AAA   dddiiissstttuuurrrbbbiiinnnggg   fffaaacccttt:::   AAABBBLLL   ffflllooowwwsss   aaarrreee   tttuuurrrbbbuuullleeennnttt!!!   
TTTuuurrrbbbuuullleeennnccceee   iiisss   aaa   ssstttaaattteee   ooofff   mmmooovvviiinnnggg   fffllluuuiiiddd   wwwiiittthhh   cccooonnntttrrriiibbbuuutttiiinnnggg   mmmoootttiiiooonnnsss   

cccooovvveeerrriiinnnggg   aaa   rrraaannngggeee   ooofff   llleeennngggttthhh   aaannnddd   vvveeellloooccciiitttyyy   ssscccaaallleeesss   
LLLeeeooonnnaaarrrdddooo   dddaaa   VVViiinnnccciii::: “Observe the motion of the surface of the water, which 

resembles that of hair, which has two motions, of which one is caused by 
the weight of the hair, the other by the direction of the curls.” 

  



KKKooolllmmmooogggooorrrooovvv’’’sss   ssspppeeeccctttrrruuummm   

 
 

   
After Pope (2000) 



AAAppppppllliiicccaaabbbiiillliiitttyyy   ooofff   ooorrriiigggiiinnnaaalll   BBBooouuussssssiiinnneeesssqqq   eeeqqquuuaaatttiiiooonnnsss   
Solving (numerically!) the Boussinesq equations, 

2

3( ) ( )i i i
j r ij j gj

j i c j j

v v vgv f v V ν
t x x x x

π θ θ ε
θ

∂ ∂ ∂∂
+ = − + − + − +

∂ ∂ ∂ ∂ ∂
, i

i

v
x
∂
∂

, 

in a domain of size DL , one can resolve motions in the scale 
range from DL∼L  (with velocity scale UL ) down to 

3 1/4 3 3 1/4( / ) ( / )Uν ε νA ∼ ∼ LL  = Kolmogorov turbulence microscale. 

Currently achievable: / 1000A ∼L , so 4/3 4Re / ( / ) 10U ν= ∼ A ∼LL L . 

Resulting turbulence spectrum is much narrower than ABL 
turbulence spectrum under typical conditions ( 7Re 10∼  to 1010 )! 

For instance, in order to completely describe an ABL flow with 
310  m=L , 110 m sU −=L , and 5 2 110  m sν − −∼ , 

one would need to have 15/410 m−A ∼ , that is 11/ 10DL A � ! 



FFFiiilllttteeerrriiinnnggg///aaavvveeerrraaagggiiinnnggg   aaasss   sssooollluuutttiiiooonnn   tttooo   ttthhheee   ppprrrooobbbllleeemmm   
(adapted from John Wyngaard)    

   
Schematic of the turbulence spectrum with the peak at 1/L. 

The averaging/filtering scale h may vary. 

h>>L>>A is the mesoscale limit of ensemble averaging 

L>>h>>A is the LES limit of spatial filtering   



MMMeeesssooossscccaaallleee   mmmooodddeeellliiinnnggg   (((h>>L))):::   RRReeeyyynnnooollldddsss   aaavvveeerrraaagggiiinnnggg   
SSSpppaaatttiiiaaalll   aaavvveeerrraaagggiiinnnggg   wwwiiittthhh   iiimmmpppllliiieeeddd   eeennnssseeemmmbbbllleee   aaavvveeerrraaagggiiinnnggg   rrruuullleeesss   

Decomposition: ( , ) ( , ) '( , )i i iv t v t v t= +r r r , ( , ) ( , ) '( , )t t tθ θ θ= +r r r , etc. 

Provides in the equations of motion: 

2

3 3

( ')( ')( ')

( ')( ') ( ' ) ( ' ) .

i i j ji i

j

i i
r i ij j j gj

i c j j

v v v vv v
t x

v vg δ f v v V ν
x x x

π π θ θ θ ε
θ

∂ + +∂ +
+ =

∂ ∂

∂ +∂ +
− + + − + + − +

∂ ∂ ∂

 

After averaging (keeping in mind that / 0i iv x∂ ∂ = ): 
2

3

' '
( ) ( ) ,j i ji i

i r ij j gj
j i c j j j

v v vv vgv f v V ν
t x x x x x

π θ θ ε
θ

∂ ∂∂ ∂∂
+ = − + − + − − +

∂ ∂ ∂ ∂ ∂ ∂
 

where ' 'i jv v  are components of the so-called Reynolds stress. 

Analogous averaging is applied in the heat balance equation. 



PPPrrrooobbbllleeemmm   ooofff   tttuuurrrbbbuuullleeennnccceee   ccclllooosssuuurrreee:::   
how to express ' 'i jv v  through known flow parameters? 

Popular approach based on the Boussinesq analogy: 

' 'i jv v 2 2
3 ij ije ksδ= − , i=1, 2, 3; j=1, 2, 3, 

where 

1
2

ji
ij

j i

vvs
x x

⎛ ⎞∂∂
= +⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠

 

is the strain tensor of the mean velocity field, 

k is the eddy viscosity, and 

1 ' '
2 i ie v v= 2 2 21 ( ' ' ' )

2
u v w= + + . 

is the turbulence kinetic energy (TKE) per unit mass. 



NNNooowww   wwweee   nnneeeeeeddd   aaa   wwwaaayyy   tttooo   ppprrreeessscccrrriiibbbeee   k   aaannnddd   e   ………   
The following TKE (e) balance equation may be derived from 
the original and averaged Navier-Stokes equations: 

2

3

( ' ') ' '' ' ' ' ji i
j i j

j j c j j

e vv ve e gv v v v
t x x x x

π
θ ν

θ
⎛ ⎞∂ +∂ ∂∂ ∂

+ = − + − − ⎜ ⎟⎜ ⎟∂ ∂ ∂ ∂ ∂⎝ ⎠
, 

where 2 2 21' ( ' ' ' )
2

e u v w≡ + + . Further parameterizations: 

TKE transport: 
( ' ') 'j

j j e j

e v k e
x x x
π

α
∂ + ∂ ∂

∝
∂ ∂ ∂

, 

TKE dissipation rate: 
2

3/2'i

j

v e
x lε

ε ν
⎛ ⎞∂

= ∝⎜ ⎟⎜ ⎟∂⎝ ⎠
 is. 

Eddy viscosity: 1/2k l eε∝ . Prescription of lε  closes the problem! 



EEEddddddyyy---rrreeesssooolllvvviiinnnggg   LLLEEESSS   aaapppppprrroooaaaccchhh   (((L>>h)))   
CCCooonnnccceeepppttt   ooofff   ssspppaaatttiiiaaalll   fffiiilllttteeerrriiinnnggg   

  
Horizontal velocity component, u, in m s-1 

Velocity projected on LES grid Velocity filtered to LES grid 



FFFiiilllttteeerrreeeddd   (((i...)))   gggooovvveeerrrnnniiinnnggg   eeeqqquuuaaatttiiiooonnnsss   iiinnn   LLLEEESSS   
i ii i k ii

2

3) ) )( ((i ji i
r ij j gj

j i c j
j j

j
i i

j

v vv vg f v V
t x x x x

v v v v
x

π θ θ ε ν
θ

∂∂∂ ∂∂
+ = − + − + − +

∂ ∂ ∂ ∂
− −
∂∂

� � � , 

i
0i

i

v
x
∂

=
∂

, 

� � i � k �i
2

( )j j
j

j

j j j

u
t x x

u u
x x

θ
θθ θκ θ∂

− −
∂

∂∂ ∂
+ =

∂ ∂ ∂ ∂
, 

where k ii s
i j i j iju u u u τ− = −  subgrid kinematic momentum flux, 
k �i s

j j ju u Qθ θ− =  subgrid kinematic heat flux. 

One would need to specify s
ijτ  and s

jQ  through a 
subgrid closure model! 



SSSuuubbbgggrrriiiddd   TTTKKKEEE   mmmooodddeeelll   (((DDDeeeaaarrrdddooorrrffffff   111999888000)))   

Momentum flux: k ii i i2
3

js s s i
ij i j i j ij m

j i

uuu u u u E K
x x

∂∂τ δ
∂ ∂

⎛ ⎞
− = − = − +⎜ ⎟⎜ ⎟

⎝ ⎠
, 

Buoyancy flux: k �i �
s s
j j j h

j

Q u u K
x

∂θθ θ
∂

= − = − , where 

D
s s
m CK l E= , 0.12DC = , / Prs s s

h mK K= , 1Pr (1 2 / )s l −= + Δ , 

l = Δ if / 0b z∂ ∂ ≤�  and min ,  0.5 / ( / )sl E b z∂ ∂⎡ ⎤= Δ
⎣ ⎦

�  if / 0b z∂ ∂ ≤� . 

Subgrid TKE balance equation: 
i jj

32 2
ss s

s s s si
m ij ij m

i c i i

u EE g EK S S Q K
t x x x

ε
θ

∂∂ ∂ ∂
+ = + + −

∂ ∂ ∂ ∂
, 

where the subgrid TKE dissipation rate sε  is parameterized as 

[ ]( )3/2
( , ) 0.19 0.51( / ) /s s

c mf z l E lε = Δ + Δ . 



Scale-invariant and scale-dependent subgrid models 
(Porté-Agel et al. 2000, 2004) 

Parameterizations: ( ) jj2 2s
m Pm ij ijK C S S= Δ  and ( ) jj2 2s

h Ph ij ijK C S S= Δ . 

Scale-invariant model: 2 2( ) (2 )Pm PmC CΔ = Δ , 2 2( ) (2 )Ph PhC CΔ = Δ , 

2 ij ij
Pm

ij ij

L M
C

M M
= , ii ii

ij i j i jL u u u u= − , j jj jj j22 2 4 2ij ij ij ij ij ij ijM S S S S S S⎛ ⎞= Δ −⎜ ⎟
⎝ ⎠

, 

2 ij ij
Ph

ij ij

C
κ χ

χ χ
= , i � i �

ij i iu uκ θ θ= − , 
� jj jj �

2 2 4 2ij ij ij ij ij
i i

S S S S
x x
θ θχ

⎛ ⎞∂ ∂
= Δ −⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠

, 

where ...  is local average and ... is filtering from Δ  to 2Δ . 

Scale-dependent model: additional filter 4Δ  is implemented 

with 
2 2

2 2

(2 ) (4 ) 1
( ) (2 )

Pm Pm

Pm Pm

C C
C C

β Δ Δ
= = ≠

Δ Δ
 and 

2 2

2 2

(2 ) (4 ) 1
( ) (2 )

Ph Ph
h

Ph Ph

C C
C C

β Δ Δ
= = ≠

Δ Δ
. 



HHHooowww   tttooo   rrreeelllaaattteee   ssstttrrruuuccctttuuurrraaalll   fffeeeaaatttuuurrreeesss   ooofff   aaavvveeerrraaagggeeeddd///fffiiilllttteeerrreeeddd   AAABBBLLL   
fffiiieeellldddsss   nnneeeaaarrr   ttthhheee   sssuuurrrfffaaaccceee   tttooo   hhheeeaaattt///mmmaaassssss///mmmooommmeeennntttuuummm   fffllluuuxxxeeesss???   

CCCooommmmmmooonnnlllyyy   uuussseeeddd   ttteeeccchhhnnniiiqqquuueee   iiisss   ttthhheee   MMMooonnniiinnn---OOObbbuuukkkhhhooovvv   sssiiimmmiiilllaaarrriiitttyyy   
Reintroduce (see Lecture I) buoyancy ( ) /v vr cb g θ θ θ= − . 

Scales: velocity u∗=
1/ 2( ' ')u w− , temperature ' ' /w uθ θ∗ ∗= − , 

humidity ' ' /q w q u∗ ∗= − , buoyancy ' ' /b w b u∗ ∗= − = 0.61gqβθ∗ ∗+ . 

Monin-Obukhov (M-O) scaling and universal functions: 
z u

u z
κ

∗

∂
∂

= '( / )m
z z L
L

κ ϕ ≡ ( )mϕ ζ , z
z

κ θ
θ∗

∂
∂

= '( / )h
z z L
L

κ ϕ ≡ ( )hϕ ζ , 

z q
q z
κ

∗

∂
∂

= '( / )q
z z L
L

κ ϕ ≡ ( )qϕ ζ , z b
b z
κ

∗

∂
∂

= '( / )b
z z L
L

κ ϕ ≡ ( )bϕ ζ , 

M-O length 
3/ 2( ' ')

' '
u wL

w bκ
−

= − =
2u

bκ
∗

∗

, /z Lζ = , ( )hϕ ζ ≈ ( )qϕ ζ ≈ ( )bϕ ζ . 

Overbars in the above expressions signify some generic spatial averaging. 



  



EEEmmmpppiiirrriiicccaaalll   aaapppppprrroooxxxiiimmmaaatttiiiooonnnsss   ooofff   MMM---OOO   sssiiimmmiiilllaaarrriiitttyyy   fffuuunnnccctttiiiooonnnsss   
Stable conditions ( / 0z Lζ = > ; ' ' 0w b < ): 

Businger et al., ( ) 1 4.7mϕ ζ ζ= + , ( )hϕ ζ =0.74 4.7ζ+ , κ =0.35. 
Dyer et al.,  ( ) 1 5mϕ ζ ζ= + ,  ( )hϕ ζ =1 5ζ+ ,   κ =0.41. 

Unstable conditions ( / 0z Lζ = < ; ' ' 0w b > ): 

Businger et al., ( ) 1/4( ) 1 15mϕ ζ ζ −= − , ( )hϕ ζ =0.74( ) 1/21 9ζ −− , κ =0.35. 

Dyer et al., ( ) 1/4( ) 1 16mϕ ζ ζ −= − ,  ( )hϕ ζ ( ) 1/21 16ζ −= − , κ =0.41. 

Commonly used nowadays are Dyer et al. functions with κ =0.4. 

Neutral conditions ( / 0z Lζ = = ; ' ' 0w b = ): 

(0) 1mϕ = , that is 1z u
u z
κ

∗

∂
=

∂
 or / / ( )u z u zκ∗∂ ∂ = , or ( / ) ln .u u z Cκ∗= +  

Fixing C  so that 0( ) 0u z = , we get the log wind law: 
0

ln .u zu
zκ

∗=  



TTTuuurrrbbbuuullleeennnttt   dddiiiffffffuuusssiiivvviiitttiiieeesss   aaannnddd   RRRiiiccchhhaaarrrdddsssooonnn   nnnuuummmbbbeeerrrsss   
Turbulent diffusivities in 1-D parallel surface-layer flow: 

2 ' ' uu u w k
z∗

∂
= − =

∂
 and *' ' hw u k

z
θθ θ∗
∂

− = =
∂

. 

M-O similarity relations for k  and hk : 

k (z)=
( )m

u zκ
ϕ ζ

∗ =
( )m

u L ζκ
ϕ ζ∗ , hk (z)=

( )h

u zκ
ϕ ζ

∗ =
( )h

u L ζκ
ϕ ζ∗ . 

Flux Richardson number: ' ' RiRi Ri= .
Pr' '( / )

h
f

t

kw b
ku w u z

= =
∂ ∂

 

Gradient Richardson number: 
( )2

/Ri Ri =Pr Ri .
/

f t f
h

b z k
ku z

∂ ∂
= =

∂ ∂
 

Prt = hϕ / mϕ =k / hk =Ri/Ri f , Ri= 2
h

m

ϕ ζ
ϕ

= Prt

m

ζ
ϕ

, Ri f = 1

m

ζ
ϕ

= Prt

h

ζ
ϕ

. 



EEEffffffeeeccctttsss   ooofff   ssstttaaabbbiiillliiitttyyy   ooonnn   sssuuurrrfffaaaccceee---lllaaayyyeeerrr   pppaaarrraaammmeeettteeerrrsss   
Stable conditions ( / 0z Lζ = > ; ' ' 0w b < ) after Dyer et al.: 

Ri=Ri f = /(1 5 )ζ ζ+ ≥0, ζ =Ri/(1 5Ri)− . 

Therefore, Ri=0.2 (ζ →∞ , 0L → ) is interpreted as a critical Ri. 

Unstable conditions ( / 0z Lζ = < ; ' ' 0w b > ) after Dyer et al.: 
Ri=ζ ≤0, Ri f = 1/4(1 16 )ζ ζ− ≤0. 

Integrating z u
u z
κ

∗

∂
∂

= ( )mϕ ζ  and z
z

κ θ
θ∗

∂
∂

= ( )hϕ ζ , one obtains 

0

( ) ln m
u z zu z

z Lκ
∗ ⎡ ⎤⎛ ⎞= −Ψ ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

 and 
0

( ) lns h
z zz

z Lθ

θθ θ
κ
∗ ⎡ ⎤⎛ ⎞= + −Ψ ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

, 

where sθ  is surface potential temperature, 
0z  is roughness length for velocity (momentum), 
0z θ  is roughness length for temperature (heat). 



PPPaaarrraaammmeeettteeerrriiizzzaaatttiiiooonnn   ooofff   CCCBBBLLL   iiinnn   aaatttmmmooosssppphhheeerrriiiccc   mmmooodddeeelllsss   
ZZZeeerrrooo---ooorrrdddeeerrr   bbbuuulllkkk   mmmooodddeeelll   (((ZZZOOOMMM)))   ooofff   CCCBBBLLL   

after Conzemius and Fedorovich (2006) 

 

 



CCCBBBLLL   ZZZOOOMMM   eeeqqquuuaaatttiiiooonnnsss   

' 'w
t z
θ θ∂ ∂
= −

∂ ∂
  ' 'q q w

t z
∂ ∂

= −
∂ ∂

 

' '( )g
u u wf v V
t z

∂ ∂
= − −

∂ ∂
, ' '( )g

v v wf u U
t z

∂ ∂
= − − −

∂ ∂
, 

Combine θ  and q  equations, and integrate over z to get 

m i
i s
db dzz b B
dt dt

= Δ + ; ( )0 2
m i i

i i m g v xs
du dz zz u z f v V f
dt dt

τ⎡ ⎤= Δ + − − Γ +⎢ ⎥⎣ ⎦
; 

( )0 2
m i i

i i m g u ys
dv dz zz v z f u U f
dt dt

τ⎡ ⎤= Δ − − − Γ +⎢ ⎥⎣ ⎦
. 



TTTKKKEEE   bbbuuudddgggeeettt   iiinnn   ttthhheee   ZZZOOOMMM   ooofff   CCCBBBLLL   
TTTKKKEEE   bbbaaalllaaannnccceee   iiinnn   aaa   hhhooorrriiizzzooonnntttaaallllllyyy   hhhooommmooogggeeennneeeooouuusss   BBBLLL   ffflllooowww:::   

( ' ') '' ' ' ' ' 'e u v e wu w v w w b
t z z z

π ε∂ ∂ ∂ ∂ +
= − − + − −

∂ ∂ ∂ ∂
. 

Integrating over z using ZOM representation of CBL structure: 

( )2 21
2 2

i m s i
m i i m xs m ys i m i

dz de B ze u v bz z u v z
dt dt

τ τ ε⎡ ⎤− Δ + Δ − Δ + = − − + −Φ −⎢ ⎥⎣ ⎦
, 

where 
0

1 iz

m
i

e edz
z

= ∫ , 
0

1 iz

m
i

dz
z

ε ε= ∫ , and ( ' ') '
izi e wπΦ = + . 

For equilibrium, shear-free entrainment the problem reduces to: 
2 2

2
i

i s
N zd bz B

dt
⎛ ⎞

− Δ =⎜ ⎟
⎝ ⎠

, 1
( / )i

s

C
B

b dz dtΔ
= , 

and can be solved analytically: 
1/2

1
ˆˆ [2(1 2 ) ]iz C t= + , 1/2

1 1
ˆ ˆ[2 / (1 2 )]b C t CΔ = + , 

where 1/2 3/2ˆi i sz z B N−= , 1/2 1/2ˆ
sb bB N− −Δ = Δ  and t̂ tN= . 
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Dimensionless zi from LES as a function of dimensionless time. 
Different symbols correspond to N=0.008s-1 (●), N=0.011s-1 (○), 
N=0.014s-1 (■), N=0.016s-1 (□), N=0.018s-1 (+). Dashed line 
presents the ZOM equilibrium solution from Fedorovich et al. (2004). 



Thank you! 
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