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Mass conservation for incompressible
fluid (continuity equation)
Vector form:
V-v=0,

where v=(v,v,,v,) Is the flow (wind) velocity vector.

Component form:
ov,

Ox,

l

=0, =1, 2, 3,

(Einstein’s summation convention is used!), or
ou ov ow

+—+
ox 0Oy Oz

where x=x,, y =x,, z=x, are Cartesian coordinates, and

=0,

U=V, V=V, W=V,

are corresponding velocity vector components.



Momentum balance (Navier-Stokes equations)

Vector form:

%Jr(v.v)v:_EVp+g—jk><v+vV2V, where
Jo,

tis time, p is pressure, p is density,

f =2|Qlsing is Coriolis parameter (¢ is geographic latitude),

¢=(g.,2,,2,)=(0,0,—g) is gravitational acceleration vector,

v is kinematic viscosity (considered to be constant).
Component form:

%+vj§;’;= ;gf. 82"1'.,1:1,2, 3;/=1,2, 3.

I J




Heat balance (thermal energy equation)

Vector form:
%Jrv.vg — thzg_iv.Fr JFL(HS0 —H_), where
Ot c,p C,p

T is temperature, 6 =T(p, /p)R’Cp IS potential temperature,

F =(F,F, F.,)isradiative heat flux (vector),

r

H, and H_ are, respectively, sources and sinks of heat (in units
of energy per unit volume per unit time),

v, iIs molecular heat diffusivity (considered to be constant).

Component form:

2
20,80, #0101 0o
ot Ox, ox,0x; c,p Ox, C,p

p



ABL governing equations in Boussinesqg form
Equations of motion:

1

+V.
o 'ox;  Ox

ov. ov. or 0%y,
’ — + ' where
8xj@xj

Hg(e—e,,)%y.gf(vj—r/g].)w

c

r=(p—-p,.)! p.is normalized pressure deviation,

geostrophic wind vector V, =(V,,,V,,) is defined through

6. and p. are environmental values of & and p,

6. and p_ are constant reference values of 8 and p,

Heat balance equation:

2
90,,90_, 90 1%, 1y nu
Ot Ox, ox,0x; c¢,p, Ox; cC,p,

p



A disturbing fact: ABL flows are turbulent!

Turbulence is a state of moving fluid with contributing motions
covering a range of length and velocity scales

Leonardo da Vinci: “Observe the motion of the surface of the water, which
resembles that of hair, which has two motions, of which one is caused by
the weight of the hair, the other by the direction of the curls.”




Kolmogorov's spectrum
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Fig. 6.13. The model spectrum (Eq. (6.246)) for R; = 500 normalized by the Kol-
mogorov scales.

After Pope (2000)



Applicability of original Boussinesg equations
Solving (numerically!) the Boussinesq equations,

ov. oV, orn o%v. ov.
l L +(9g(9—¢9r)+gy.3f(vj—Vg].)+v l l

—L 4y —L= ) )
) Ox ,0X ox,

ot ' ox, - ox,

In a domain of size L,, one can resolve motions in the scale
range from £~ L, (with velocity scale U,) down to

(~0P1e)" ~(v*LIU%)Y* = Kolmogorov turbulence microscale.

Currently achievable: £//¢~1000,so Re=U_.L/v ~ (L] /)" ~10*.

Resulting turbulence spectrum is much narrower than ABL
turbulence spectrum under typical conditions (Re ~ 10’ to 10™)!

For instance, in order to completely describe an ABL flow with
L£=10°m,U,=10ms™, and v ~10" m%,

one would need to have ¢/ ~10""*m, that is L, // =10""



Filtering/averaging as solution to the problem

(adapted from John Wyngaard)
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Schematic of the turbulence spectrum with the peak at 1/L.
The averaging/filtering scale h may vary.
h>>1L>>/ is the mesoscale limit of ensemble averaging
L>>h>>/ is the LES limit of spatial filtering



Mesoscale modeling (h>>L): Reynolds averaging
Spatial averaging with implied ensemble averaging rules

Decomposition: v,(r,t) =v,(r,t) +v,'(r,£), O(r,t) =0 (r,1) + 6'(r,1), etc.
Provides in the equations of motion:
oV, +v,') N oV, +v, ), +v,)

Ot Ox .

J

oz +r' - _ .
— (ax. )+9g(¢9+9—¢9r)5i3+5y.3f(vj+vj—ng)+v

l C

0 (7, +7,)

8xj8xj

After averaging (keeping in mind that ov, / ox;, =0):

ov,'v,’ azvi
+V .
ﬁxj 8xj8xj

ov. _O0v, 0o g ,= _
Ly = + 0—-0)+c¢. =V .)-

Jj i c

where v,'v." are components of the so-called Reynolds stress.

Analogous averaging is applied in the heat balance equation.



Problem of turbulence closure:
how to express v,'v," through known flow parameters?

Popular approach based on the Boussinesqg analogy:

5, i=1,2, 3;j=1, 2, 3,

_ _1fov, Ov,
5. =— +
T2\ ox;  Ox,

IS the strain tensor of the mean velocity field,

where

kis the eddy viscosity, and

eziv.'vl.'zé(u'2 +v'2+w').

2 l
IS the turbulence kinetic energy (TKE) per unit mass.



Now we need a way to prescribe kand e ...

The following TKE (e) balance equation may be derived from
the original and averaged Navier-Stokes equations:

2

n ole'+xz")v.' .

@+V.ﬁ:—v'v.'av’+gv3'6"— vz, —V(avl j,
8xj

or Jox, ' ox, 6, Ox,

1 L
where e'EE(u'2+v'2+ w'?). Further parameterizations:

dle+7z')v," 0 k oe

ox ox, a, 8xj’

TKE transport:

' 2 3/2
TKE dissipation rate: g:v(avi j « S _is.

ﬁxj

&

Eddy viscosity: kol e"*. Prescription of /_ closes the problem!



Eddy-resolving LES approach (L>>h)
Concept of spatial filtering
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Filtered (.A./.) governing equations in LES

6\7 8‘7{; o g = - @2\)_ O — ~~
L4 L J o + -6 )+c¢c. =V Y+v i Vv o—vy.),
ot Ox, OX, 90( A+ 8l (=T Ox,0x; Ox, iy =)
Mg,

OX,
9 00u, 2g -
6H+ L — 00 g (Ou;, —Ou;),

K —_—
ot Ox, Ox j(?x ; Ox .

J J

—~——

NN_ N
where wu, —uu, =-1,

; subgrid kinematic momentum flux,

© subgrid kinematic heat flux.

One would need to specify 7, and O; through a
subgrid closure model!



Subgrid TKE model (Deardorff 1980)

——  ~ " a
J J ! 3 ﬁx ﬁx

~

Buoyancy flux: O} =0u,—0u,=-K; —5‘9 ,where
X .
J

=C,JINE', (C,=012, K =K IPr’, Pr=>1+2I/A)",

[=Aif 6h/5z<0 and l:min[A, 0.5\/ES/(§Z;/§Z)} it 0b102<0.

Subgrid TKE balance equation:

OF \oub x5S +—Q3 v Lok B g
ot Ox, ’ Ox, OX,

C l l

where the subgrid TKE dissipation rate &’ Is parameterized as
& = £.(2,,0)[0.19+051(1 1 A))(E*) " 11.



Scale-invariant and scale-dependent subgrid models
(Porte-Agel et al. 2000, 2004)

Parameterizations: K. =(C,,A) /25,5, and K; =(C,,A) /25,5, .

Scale-invariant model: C, *(A)=C, *(2A), C,,°(A)=C,,°(2A),

c,%m=<L’5"M"f> L=wu,—uu, , M —ZAZ(S,/ZSS 42§Sf§j

<MMZJ>, ij i i

:<KUZU>,KU=LZ_§—Z5, 2, =N [59«/255 -4,/25.8, @9]

Ox 7 Ox.

l 1

where (...) is local average and ... is filtering from A to 2A.

Scale-dependent model: additional filter 4A is implemented

Cpmz(ZA) C, *(4A) d 5 :CPhZ(ZA) (4A)

with g = R =1 an >
e (B) G, (24) Cpr (A) Cph (2n)”




How to relate structural features of averaged/filtered ABL
flelds near the surface to heat/mass/momentum fluxes?

Commonly used technique is the Monin-Obukhov similarity

Reintroduce (see Lecture |) buoyancy b=g(6,-6,)/6..

Scales: velocity u,=(—u'w")"?, temperature 6, =—w'6"'lu,,
humidity g, =-w'q'lu,, buoyancy b, =—w'b'lu,=f6, +0.61gq,.

Monin-Obukhov (M-O) scaling and universal functions:

Kz ou z Kz 00 z

T =x—0 '(Zz] L= , ———=x—0, (z/L)= ’
w0z KL§9m (z/L)=9, (<) 0 oz KLCDh (z/L)=¢, ()
Kzo0q _ z _ kz0b _ z | _
ZE_KZ% (Z/L)=(Pq(§)a b—*g—’fz(ﬂb (z/ L), (<),
(cuw)™ _u
M-O Iength L=- — 3 g — Z/La ), (é’)zgpq (g)z(pb(g)
Kw'b kb

&

Overbars in the above expressions signify some generic spatial averaging.
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Empirical approximations of M-O similarity functions
Stable conditions (¢ =z/L>0; w'b' <0):

Businger et al., ¢ ({)=1+4.7¢, ¢,()=0.74+4.7¢, x=0.35.
Dyer et al., @ (£)=1+5, ¢,({)=1+57, x=0.41.

Unstable conditions ({ =z/L<0; w'b'>0):

-1/4

Businger et al., g, () =(1-15¢) ", 9,(£) =0.74(1-9¢) ", x=0.35.
Dyeretal., ¢, (&)=(1-16¢)"", ¢,({)=(1-16¢)"",  x=0.41.

Commonly used nowadays are Dyer et al. functions with x=0.4.

~1/4

Neutral conditions ({=z/L=0; w'b'=0):

0 (0)=1, thatis 2% _1 or it/ 6z =u, | (xz), or i1 =, | K)Inz+C.

u. oz

%

Fixing C so that u(z,) =0, we get the log wind law: u = 2
K Z



Turbulent diffusivities and Richardson numbers
Turbulent diffusivities in 1-D parallel surface-layer flow:

uz——uw ka—and w6’—u6’ k%
0z Oz

M-O similarity relations for £ and &, :

Ku. z Ku. z
k()= A S A T AL
cam(é) ?,(S) coh(é) ?,(&)
Flux Richardson number: Rif - " b = k, Ri:&.
u'w'(ouloz) k Pr
Gradient Richardson number: Ri= obicz__ k Ri =PrRi,.

(85/82)2 kh

Pr.=g,/¢,=k/k,=RilRi , Rizqo—’“z(:ﬂ/;, Rif:ix;:ﬂg.
gpm ¢m gpm goh



Effects of stability on surface-layer parameters
Stable conditions (¢ =z/L>0; w'b'<0) after Dyer et al.:
Ri=Ri =7 /(1+5¢)20, ¢ =Ri/(1-5Ri).
Therefore, Ri=0.2 ({ — «,L — 0) is interpreted as a critical RI.

Unstable conditions (' =z/L<0; w'b'>0) after Dyer et al.:

Ri=¢ <0, Ri =¢(1-16)"*<0.
: Kz Ou _ Kz 00 _ .
Integrating ——=¢ (<) and ?——gah({), one obtains
u Z 4

*

u, Z Z _ é o z
u(z) :;{Ing—‘ljm (zﬂ and 6(z) =6, + " {In - Th(LH’

where 6. Is surface potential temperature,
z, Is roughness length for velocity (momentum),
z,, 1S roughness length for temperature (heat).

*



Parameterization of CBL in atmospheric models
Zero-order bulk model (ZOM) of CBL

after Conzemius and Fedorovich (2006)

z z

(a) ———- LES (b)
N2=db/d= —  ZOM

—8b— |

# T4

W" 7 By ."
< ' zZ ;

,F/ OB
L} '
b
*‘

m

=y
Y e




CBL ZOM equations

A ZA zA zA

Vel T
zi =/ EZ / N\,
= f \ |
§ ML I
\ \ |
_ - ] | -
"Ww' SL N, N N, LA 71 "w'
00 _ 00w T 9 g Vg Ve V 99 __oqw
ot 0z ot 0z
ou ou'w' ov ov'w'
T fT-v)-s, S=—f@-U,) -2
AU P A s

Combine # and g equations, and integrate over z to get

db dz. du dz. zZ.
—=Ab—+B; —=Au—-+z, —Vo)——=JT |+7_;
" dt dt° Ta Z’[f(v’” go) 2f"} ©
dv,

dz, z,
o = Av 7 _Zi|:f(um_Ug0)_Efruj|+Tys'

zZ




TKE budget In the ZOM of CBL

TKE balance in a horizontally homogeneous BL flow:
de ——0u —— v —— Ole+x )W

—=—uUWw—-yw—F+wb'- —-£.
ot Oz 0z 0z
Integrating over z using ZOM representation of CBL structure:
. Bz
e, —E(Auz +AV? —Abzl.) 4 + dae, z,=—UuUT _—V T +S—Z’—CDI. — &, Z
2 dt dt g !

17 17
where e, =—jedz, £, :—jgdz, and @, =(e'+z")w'_.
Zi 0 Zi 0 |
For equilibrium, shear-free entrainment the problem reduces to:

2_2
j (N z, _Abzi):BS’ Ab(dz, | dt) _c,
t B

and can be solved analytically:
2 =[2(1+2C)i1*2, Ab=C,[2i | (1+2C)]*?,
where 2, =z B Y2N¥?, Ab=AbB Y*’N? and 7 =N,
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Dimensionless z; from LES as a function of dimensionless time.
Different symbols correspond to N=0.008s"' (e), N=0.011s" (o),
N=0.014s" (m), N=0.016s" (o), N=0.018s" (+). Dashed line
presents the ZOM equilibrium solution from Fedorovich et al. (2004).



Thank you!






