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We study three-dimensional (3-D) electromagnetic wave scattering from a buried object under a two-
dimensional (2-D) random rough surface. The surface integral equations of wave fields are used for the rough
surface and the surface of the buried object. The surface fields are then solved by the method of moments.
The scattered wave field from the object is represented by the rough-surface field so that the matrix equation
can be solved efficiently by means of the sparse-matrix canonical-grid method. Numerical simulations are
illustrated for a perfectly conducting sphere buried under a 2-D rough surface. Both the scattering coefficient
(normalized radar cross section) and the angular correlation function (ACF) are calculated. The study of 3-D
electromagnetic scattering allows the use of azimuthal angular averaging and the study of cross polarization
and the polarization angular correlation function (PACF). It is found that the ACF is more effective in sup-
pressing the clutter that is due to the rough-surface scattering, and the PACF is more useful for the detection
of the buried object. © 1998 Optical Society of America [S0740-3232(98)00412-8]

OCIS codes: 290.0290, 290.5880.

1. INTRODUCTION
The study of electromagnetic wave scattering by a buried
object under a random rough surface is of practical impor-
tance in both military and civil uses.1–4 Wave scattering
from random rough surfaces has been studied by means of
analytical, experimental, and numerical methods.5–8

When an object is buried under a rough surface, both the
rough surface and the object scatter waves in all direc-
tions, and mutual wave interaction between the rough
surface and the object occurs. The contribution of the
rough-surface scattering and the mutual interaction can
be larger than or comparable to the scattering from the
object. This makes the detection of the buried object dif-
ficult. It is important to know the wave scattering
mechanism of the problem and to find an effective way to
detect the buried object.

The wave scattering from a two-dimensional (2-D) ob-
ject buried under a one-dimensional (1-D) rough surface
has been numerically studied by using the method of
moments9,10 (MoM). The wave scattering by a three-
dimensional (3-D) object above and below a flat surface is
studied by the T-matrix method.11 Since most practical
problems involve a 3-D object buried under a 2-D rough
surface, a solution of electromagnetic wave scattering
from a 2-D random rough surface with a 3-D buried object
is needed. Recently the finite-difference time-domain
method has been used in subsurface electromagnetic
wave scattering problems.12,13 The solution of surface in-

tegral equations obtained with the MoM has been widely
used in the study of rough-surface scattering problems.
The difficulty in using the surface integral equation
method with the MoM for 2-D rough-surface scattering
problems is the large size of the impedance matrix, 6N
! 6N, where N is the total number of points represent-
ing the surface. Furthermore, the solution time scales as
(6N)3 for the matrix inversion method.

To speed up the solution of surface integral equations
with the MoM, fast methods have been used. The fast
multipole and the fast Fourier transform have been com-
bined for 2-D rough-surface scattering.14 Recently the
sparse-matrix canonical-grid (SMCG) method has been
developed for large-scale rough-surface scattering
problems.15 The SMCG method has been used to study
backscattering enhancement of electromagnetic wave
scattering by 2-D perfectly conducting and dielectric
rough surfaces.16,17

Since the memory effect of wave scattering from ran-
dom media was discovered by Feng et al. in 1988,18 the
study of the angular correlation function (ACF) has at-
tracted considerable attention.19–21 The ACF is the cor-
relation function of two scattered fields in directions k̂s2

and k̂s1 corresponding to two incident waves in directions
k̂ i2 and k̂ i1 , respectively. A strong correlation, called the
angular memory effect, is exhibited only on the memory
line for rough-surface scattering and on memory dots for
volume scattering.19–24 The values of the ACF away
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from the memory line or dots are zero analytically and are
very small experimentally and numerically. Therefore
the ACF can be used for the detection of targets embed-
ded in clutter if one avoids the memory effect.22–25

Angular correlation functions are obtained by taking
averages over a product of two signals. Thus a key step
in calculating the ACF is taking averages. For random-
media scattering, the average is usually taken over real-
izations of random media or rough surfaces, which is not
applicable for detecting the object buried under a rough
surface. For 2-D scattering problems of a target embed-
ded in clutter, we have used frequency averaging and an-
gular averaging to obtain the ACF.22–25 Numerical re-
sults have shown that detection of targets by the ACF
with frequency and angular averaging has advantages
over detection by the radar cross section (RCS).

Compared with previous work for 2-D scattering prob-
lems, the current study of the 3-D target detection prob-
lem is more difficult and more interesting. To formulate,
wave fields satisfy vector equations in the 3-D case,
whereas they are all scalar in the 2-D case. To solve the
3-D problem, a fast computation method has to be used
because of the large number of unknowns, whereas ma-
trix inversion was used in the 2-D cases. For averaging
techniques, the 3-D problem has an additional degree of
freedom resulting from a change of azimuthal angle. For
a symmetric object, the wave statistics are also azimuth-
ally symmetric. Hence azimuthal averaging has effects
similar to realization averaging, giving wave statistics
without changing the statistical characteristics. Since
the scattering characteristics of the object and the rough
surface are frequency dependent, the frequency averaging
may blur the result. Therefore we use azimuthal angu-
lar averaging instead. The cross polarization and the po-
larization angular correlation function (PACF) can be
studied in the 3-D cases; they were not encountered in the
2-D cases.

We study electromagnetic wave scattering by a 3-D
buried object under a 2-D random rough surface. First
we formulate the problem on the basis of the Stratton–
Chu surface integral equations for the rough surface and
the surface of the object. The coupled interaction be-
tween the rough surface and the object is included. Next
the scattered wave fields from the object onto the rough
surface are treated as additional incident fields on the
rough surface. Then the SMCG method is used to solve
the matrix equation. Numerical results are calculated
for a perfectly conducting sphere under a rough surface.
Both the ACF and the scattering coefficient are calculated
for both co-polarization and cross polarization. To obtain
the statistical results, we use azimuthal averaging. It is
found that the ACF is more effective in suppressing the
effects of the rough-surface scattering. The PACF is also
studied; it is more useful for the detection of the buried
object.

2. FORMULATION
A. Incident Wave
Consider an electromagnetic wave with fields Ei(x, y, z)
and H i(x, y, z), with time dependence exp("i! t), im-
pinging on a 2-D rough surface with a random-height pro-

file z # f (xy). Above the rough surface is a free space
(region 0), and the subsurface is characterized by permit-
tivity "1 and permeability #1 (region 1). The height func-
tion z # f (x, y) is a random process with zero mean.
The incident direction is k̂ i # sin $i cos % i x̂
$ sin $i sin %i ŷ " cos $ i ẑ. The incident wave is tapered
so that the illuminated rough surface can be confined to
the surface area Lx ! Ly . The incident electric and
magnetic fields are given as

E&
i 'x, y, z ( # !

")

$)

dkx!
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dky
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respectively, where & denotes horizontal polarization (h)
and vertical polarization (v), given as
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ĥh'"kz( #
kz

kk+
' x̂kx $ ŷky( $
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k+

k
ẑ,
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2)1/2 and k+ # (kx
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2)1/2 with
k being the incident-wave number, * the intrinsic imped-
ance of free space, and Ei(kx , ky) the spectrum of the in-
cident wave. We use the following spectrum,
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where t # tx $ ty # (x2 $ y2)/g2 and
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g2 cos2 $ i
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The parameter g controls the tapering of the incident
wave. The w and t terms are introduced to approximate
the tapered-wave solution.
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B. Surface Integral Equations
We apply Stratton–Chu surface integral equations on the
rough surface and the surface of the buried object. For a
rough surface with height function z # f(x, y), we have
the unit normal vector as

n̂ #
1

" $ /f

/x % 2

$ $ /f

/y % 2

$ 1#1/2 $ "
/f

/x
x̂ "

/f

/y
ŷ $ 1 ẑ % .

(9)

The boundary conditions for the dielectric rough surface
are

n̂ ! E0 # n̂ ! E1 , n̂ ! H0 # n̂ ! H1

"0n̂ • E0 # "1n̂ • E1 , #0n̂ • H0 # #1n̂ • H1
(10)

By noting that #0 # #1 , we use Stratton–Chu equations
approaching from both sides and the above boundary con-
ditions. The integral equations on the rough surface are

n̂ • Ei'r( #
n̂ • E'r(

2
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$ 0!g0n̂! • E'r!(.dS!' , (11)
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where the above integral P 3 represents the principal-
value integral and g0 and g1 are the scalar Green’s func-
tion in region 0 (air) and region 1 (lossy dielectric me-
dium), respectively:

g0,1 #
exp'ik0,1R (

4,R
. (15)

The distance between a field point r and a source point r!
is

R # 1'x " x!(2 $ ' y " y!(2 $ - f'x, y ( " f'x!, y!(.221/2.

In Eqs. (13) and (14), Eb
s and Hb

s are scattered fields
from the buried object onto the rough surface. They are
calculated as follows.

We assume that the buried object is a perfectly con-
ducting sphere. It is convenient to use the magnetic field
integral equation to solve the surface current on the ob-
ject. For an exciting field of Hb

e , the magnetic field inte-
gral equation for the surface current Jb # n̂b ! Hb is

n̂b ! Hb
e 'r( #

Jb'r(

2
" n̂b ! !

Sb

Jb'r!( ! 0!g1dS!,

(16)

where the unit normal vector of the surface of the buried
object is n̂b and the exciting field of Hb

e for the buried ob-
ject is the scattered field from the rough surface; i.e.,

n̂b ! Hb
e 'r( # "n̂b ! !

Sr

1"n̂! ! E'r!(i!"1g1

$ - n̂! ! H'r!( ! 0!g1.

$ 0!g1n̂! • H'r!(2dS!. (17)

Then the scattered fields from the buried object are ex-
pressed in terms of the surface current as

Hb
s 'r( # !

Sb

Jb'r!( ! 0!g1dS!, (18)

Eb
s 'r( #

"i
!"1

0 ! !
Sb

Jb'r!( ! 0!g1dS!. (19)

Equations (11)–(14) in combination with Eqs. (16)–(19)
constitute the coupled integral equations between the
rough surface and the buried object.

C. Matrix Equation and Its Solution
To solve the coupled integral equations, we discretize the
rough surface and the surface of the object into small
patches. For a patch at the rough surface, we use six
knowns for the surface fields as follows:

J1'r( # n ! Er'r( • x̂, (20)

J2'r( # n ! Er'r( • ŷ, (21)

J3'r( # n • Er'r(, (22)

J4'r( # n ! Hr'r( • x̂, (23)

J5'r( # n ! Hr'r( • ŷ, (24)

J6'r( # n • Hr'r(. (25)
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If we use the above definitions for unknowns and the
MoM, Eqs. (11)–(14) become a matrix equation:

Z! J̄ # b̄ i $ b̄b , (26)

where the impedance matrix of the rough surface is Z! , b̄ i

represents incident fields, and b̄b represents scattered
fields from the buried object. We discretize the surface of
the object and use the following definition for the surface
current on the object.

Let Z! b be the impedance matrix for the buried object,
Z! rb be the impedance matrix from the buried object to the
rough surface, and Z! br be the impedance matrix from the
rough surface to the buried object. Then it follows from
Eqs. (16)–(19) that

Jb1'r( # n̂b ! Hb'r( • x̂, (27)

Jb2'r( # n̂b ! Hb'r( • ŷ, (28)

Jb3'r( # n̂b ! Hb'r( • ẑ, (29)

and from Eqs. (17)–(20) we have

b̄b # Z! rbJ̄b # Z! rbZ! b
"1Jb

e # Z! rbZ! b
"1Z! brJ̄. (30)

Substituting Eq. (30) into (26), we get

'Z! " Z! rbZ! b
"1Z! br(J̄ # b̄ i . (31)

In principle, Eq. (31) is then ready for solution by matrix
inversion. The problem is that the matrix inversion for a
large number of unknowns becomes computationally for-
midable. Thus the following efficient sparse-matrix
canonical-grid (SMCG) method is used.

To speed up the solution of Eq. (31), we decompose the
impedance matrix for the rough surface Z! into three
parts: a block Toeplitz flat-surface part Z! FS, a strong-
interaction part Z! S, and the weak remainder Z! W. With
the weak-remainder part moved to the right-hand side,
we have

'Z! FS $ Z! S " Z! rbZ! b
"1Z! br(J̄ # b̄ i " Z! WJ̄. (32)

Equation (32) is then solved by the conjugate-gradient
method with an updated right-hand side.

For a small object, the solution of Eq. (32) can be fur-
ther speeded up with the buried-object term moved to the
right-hand side, as given by

'Z! FS $ Z! S(J̄ # b̄ i $ Z! rbZ! b
"1Z! brJ̄ " Z! WJ̄. (33)

The new matrix equations (32) and (33) are solved with
the conjugate-gradient method.21 The product of Z! (FS)

with J̄ can be computed with a 2-D fast-Fourier-
transform algorithm, which makes conjugate-gradient it-
eration efficient. An update of the right-hand side is also
quickly calculated. The iteration is terminated when the
error-norm criterion is less than 0.2%.

D. Statistics of Scattered Fields
After the surface currents are solved, the scattered fields
in medium 0 can be calculated. The scattering ampli-
tudes for both co-polarization and cross polarizations F4&

are, respectively,

Fh& #
ik

4,!2*P&
i
!

dS!
dx!dy!

! exp'"ik5!(& "J1'x!, y!(cos $s cos %s

$ J2'x!, y!(cos $s sin $s

" J1'x!, y!(
/f'x!, y!(

/x!
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" J2'x!, y!(
/f'x!, y!(

/y!
sin $s#

" *-J4'x!, y!(sin %s " J5'x!, y!(cos %s.'
(34)

and

Fv& #
ik

4,!2*P&
i
!

dS!
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! exp'"ik5!(& -J1'x!, y!(sin %s

" J2'x!, y!(cos %s.

$ *"J4'x!, y!(cos $s cos $s

$ J5 cos $s sin %s

" J4'x!, y!(
/f'x!, y!(

/x!
sin $s

" J5'x!, y!(
/f'x!, y!(

/y!
sin $s# ' , (35)

where 5! # x! sin $s cos %s $ y! sin $s sin %s$ f (x!, y!)
! cos$s . Note that the scattering amplitudes are nor-
malized by the square root of the incident power 2*Pi& as

P&
i #

2,2

* !
k+%k

dkxdky*Ei&'kx , ky(*2 kz

k
. (36)

Since the buried object is under a single random rough
surface, realization averaging is not applicable. Both the
bistatic scattering coefficient (normalized RCS) and the
ACF are calculated on the basis of azimuthal averaging
as follows:

64&'$s , $ i( #
1

N%
7
n#1

N%

*F4&'$s , %sn ; $ i , % in(*2, (37)

84&'$s2 , $ i2 ; $s1, $ i1(

#
1

N%
7
n#1

N%

F4&'$s2 , %s2n ; $ i2 , % i2n(

! F4&* '$s1 , %s1n ; $ i1 , % i1n(, (38)
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where % in and %sn are incident and scattering azimuthal
angles, respectively. In the scattering plane, they are re-
lated to each other as follows: (i) %sn # % in for $s and $ i
having the same sign and (ii) %sn # % in $ 180° for $s and
$ i having opposite signs.

For the case of $s and $ i with the same sign, the bi-
static scattering is in the forward direction. For this case
we make %s and % i the same. The averaging is per-
formed over different %. This means that the source and
observation directions are to be rotated in a circular ge-
ometry over the target. For the case of $s and $ i having
opposite signs, this is the backward direction, and we
make %s and % i differ by 180°: source and observation
are in the same backward direction and are rotated for
different %.

Equation (38) can be extended to calculate the PACF as
follows:

841&142&2
'$s1 , $ i1 ; $s2, $ i2(

#
1

N%
7
n#1

N%

F41&1
'$s1 , %s1n ; $ i1 , % i1n(

! F42&2
* '$s2 , %s2n ; $ i2 , % i2n(. (39)

3. RESULTS AND DISCUSSION
The numerical simulation is conducted for a perfectly
electrical conducting (PEC) sphere buried under a 2-D
Gaussian random rough surface (see Fig. 1). The rough
surface is generated by using the spectrum method with
the assumption of a Gaussian spectrum. The sizes of the
rough surface in the x and y directions are Lx # Ly
# 8.09, respectively. The surface rms heights are hx
# hy # 0.029, and the correlation lengths are lx # ly
# 0.59. The tapering parameter is g # Lx/4 # Ly/4.
The relative dielectric constant of the lower medium is
"r # (2.0 $ i0.2). The surface is sampled at 64 points
per 92 to give 24,576 surface unknowns. The neighbor-
hood distance rd # 3.59. A sphere of radius a # 0.39 is
buried under the rough surface at a depth d # 0.69. The
sphere surface is discretized into 80 triangle patches as
shown in Fig. 2, for which the surface currents are repre-
sented by 240 unknowns. The impedance matrix of the
sphere Z! b is calculated and tested by calculating the scat-
tering cross section of a sphere in free space. The nu-
merical results agree with those obtained by Mie scatter-
ing, as shown in Fig. 3.

We solve the matrix equations with the buried-object
contribution on the left-hand side [Eq. (32)] and on the
right-side [Eq. (33)]; the two equations give the same re-
sult. The scattering coefficients are shown in Fig. 4.
The CPU with the target term on the right-hand side is
five times faster than the CPU with the target term on
the left-hand side.

We calculate the scattering amplitudes for ten azi-
muthal angles at 0°, 36°,..., and 324°. The RCS and the
ACF are calculated by using azimuthal angular averaging
as given in Eqs. (37) and (38). We plot the results as
functions of the scattering angle $s2 . Parameters for
other angles are $ i1 # 20°, $s1 # "40°, and $ i2 # 20°.
Figure 5 shows the results for the hh polarization (co-

polarization) component. The results both with and
without the target sphere are shown for comparison.
Figure 5(a) is for the RCS, and, as expected, there is a
peak in the specular direction, which is due to the slightly
rough surface. The difference between the RCS with and
without the target is large only for large scattering
angles, since the rough-surface scattering is small in

Fig. 1. Configuration of EM wave scattering by a 3-D object bur-
ied under a 2-D rough surface.

Fig. 2. Discretization of a sphere into 80 triangle patches.

Fig. 3. Comparison of MoM and Mie scattering for the RCS of a
PEC sphere (a # 0.36).
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these cases. As shown in Fig. 5(b), however, the differ-
ence for the ACF can be as high as 7 dB even for angles
closed to the nadir direction. This is because the memory
effect is avoided and rough surface scattering is mini-
mized.

The fully polarimetric results for RCS and the ACF
were calculated and are shown in Figs. 6 and 7, respec-
tively. In Fig. 6 we see that the differences between the
RCS with and without a target for co-polarizations are
larger than those for cross polarizations. This is because
the cross-polarization components are due mainly to the
rough-surface scattering. Because the target is a sphere,
it has only a small cross-polarization contribution. It can
also be found that there are larger differences for the vv
component than for the hh component, since the vertical
polarization wave has better penetration through the sur-
face. In Fig. 7 we can see the big difference between the

ACF with and without a target in both the co-polarization
and cross-polarization results. This is because of the
random phase of rough-surface scattering that is included
in the ACF calculation. The results for the polarization
angular correlation function (PACF) were also calculated
and are shown in Fig. 8. Figure 8(a) shows the PACF for
hh and vh components. Figure 8(b) shows the PACF for
vv and hv components. We can see an even larger dif-
ference from the ACF up to 10–20 dB.

Whether an object is hidden by a rough surface de-
pends on factors such as beam size, dielectric constant,

Fig. 4. Comparison of the solution of the matrix equation for the
object on the left-hand side and the object on the right-hand side.

Fig. 5. (a) RCS and (b) ACF for EM wave scattering by a PEC
sphere buried under a 2-D rough surface for the hh polarization
component. Parameters are a # 0.39, d # 0.69, Lx # Ly
# 8.09, h # 0.029, lx # ly # 0.5.09, rd # 3.59, g # Lx/4
# Ly/4, $ i1 # 20°, $s1 # "40°, and $ i2 # 20°.

Fig. 6. RCS for EM wave scattering by a PEC sphere buried un-
der a 2-D rough surface for co-polarized and cross-polarized com-
ponents. (a) hh, (b) vv, (c) vh, (d) hv. Parameters are a
# 0.39, d # 0.69, Lx # Ly # 8.09, h # 0.029, lx # ly
# 0.5.09, rd # 3.59, g # Lx/4 # Ly/4, $ i1 # 20°, $s1 # "40°,
and $ i2 # 20°.

Fig. 7. ACF for EM wave scattering by a PEC sphere buried un-
der a 2-D rough surface for co-polarized and cross-polarized com-
ponents. (a) hh, (b) vv, (c) vh, (d) hv. Parameters are a
# 0.39, d # 0.69, Lx # Ly # 8.09, h # 0.029, lx # ly
# 0.5.09, rd # 3.59, g # Lx/4 # Ly/4, $ i1 # 20°, $s1 # "40°,
and $ i2 # 20°.
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object size, buried depth, and rms height and slope. For
a slightly random rough surface, the wave scattering by
the object around the specular direction and in the vicin-
ity of the specular direction is obscured by the surface.
This is shown in Figs. 5 and 6. The dependence on the
width of incident beam is a result of rough-surface scat-
tering, which is proportional to the illumination area for
large surfaces. Therefore the wider the incident beam,
the larger the rough surface being illuminated and the
more difficult it is to detect the object. The same expla-
nation can be given for the effect of the distance between
the detector and the rough surface. The dependences on
dielectric constant, object size, and buried depth have
been studied for 2-D cases.24 Numerical verification for
the 3-D case requires more computer resources, because a
wider incident beam corresponds to a larger rough sur-
face and there are more unknowns to be solved from Max-
well’s equation.

In this paper we studied electromagnetic wave scatter-
ing from a 3-D buried object under a 2-D random rough
surface, using the formulation of surface integral equa-
tions. The surface fields were solved by the MoM. The
scattered-wave field from the object was represented by
the rough surface field so that the matrix equation could
be solved efficiently by using the sparse-matrix canonical-
grid method. Numerical simulations were given for a
PEC sphere buried under a 2-D rough surface. Both the
RCS and the ACF were calculated on the basis of azi-
muthal angular averaging. Results show that the ACF is
more effective than the RCS in suppressing the clutter
that is due to rough-surface scattering and that the cross-
polarization components of the ACF can also be used for
target detection. The PACF can be even more effective
than the ACF for target detection.
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